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To generate a 3D computer model of a free-form object, multiple range images (point
clouds) covering its entire surface are acquired from di�eren t viewp oints. These views
are then aligned in a common coordinate basis by minimizing the distance error between
their corresponding points. Establishing correspondencesautomatically is an inherently
challenging problem due to the lack of any type of information other than the geomet-
rical information extracted from the point clouds. Existing \automatic" correspondence
techniques achieve automatism at the expenseof other imp ortan t speci�cations namely,
applicabilit y to free-form objects, accuracy, e�ciency , robustness to resolution and sur-
face sampling, robustness to overlap, robustness to noise and �nally their applicabilit y
to simultaneous multiview correspondence. There is also a lack of a review paper that
describes and critically analyzes these techniques. In this paper, we present such an
extensive review and carry out the analysis of each technique according to the above
listed indisp ensablecriteria. Our analysis shows that none of these techniques fully meets
these criteria and that there is still a need for the development of practical automatic
correspondence algorithms.

Keywor ds: 3D modeling; correspondence; registration; free-form object; range image; 3D
shape representation.

1. In tro duction

There are numerous applications of three dimensional modeling in a wide range
of areas.Theseareasinclude medical diagnosis,reverseengineering,robotics, com-
puter graphics, computer games,preserving archaeologicalheritage, virtual reality
and the entertainment industry. The �rst step in generating a 3D computer model
of a free-form object3 is the acquisition phaseduring which the object's surfaceis
scannedfrom various viewpoints with a range scanner (see the block diagram in
Fig. 1). This processresults in a seriesof rangeimages(also known as2.5D images)
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Fig. 1. A block diagram showing di�eren t components of the 3D modeling process.

Fig. 2. (a) A point cloud of a view of the isis. (b) Three selected correspondences are mark ed
between two views of the isis. (c) The two views after registration. Notice that the contribution
of each view appears in a di�eren t gray shading. (d) The complete 3D model of the isis after
integration and reconstruction of its 33 registered views.

of the object's surface in the form of point clouds (Fig. 2(a)). In the next step,
correspondencesare establishedbetweenoverlapping views. Points on two di�eren t
views that correspond to the samepoint on the object are said to be corresponding
points (Fig. 2(b)). Thesecorrespondencescan then be usedto derive a rigid trans-
formation (rotation matrix R and translation vector t ) that aligns the two views
(seeFig. 2(c)). R and t are estimated with the objective of minimizing the distance
error E betweenthe corresponding pairs of points of the scene(S) and the model
(M ) basedon Eqn. 1.

E =
nX

i =1

kSi R + t � M i k (1)

This is a common objective usedby most existing registration algorithms how-
ever they use di�eren t strategies to establish correspondencesbetween the views.
Once all the views are registered in a single coordinate basis, they are integrated
and reconstructed to make a completeseamless3D model (Fig. 2(d)). Fig. 1 shows
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the di�eren t components of the 3D modeling processand Fig. 2 illustrates the main
phasesof the 3D modeling process.

One way around the correspondenceproblem is to track the movement of the
acquisition system and apply the reverse transformations to the views. However,
this makes the acquisition device expensive and may also restrict its freedom of
movement. Moreover, the accuracyof the registration is limited by the accuracyof
the tracking system used.Therefore, a more economicaland practical approach is
to keepsu�cien t overlap betweenadjacent views and identify corresponding points
in their regionsof overlap as per the diagram in Fig. 1.

All the components of the 3D modeling processof Fig. 1, excluding the cor-
respondencemodule, have already been automated and have reached a level of
maturit y. Examples of automatic acquisition techniques include and are not re-
stricted to Ref. 5,35,46. For pairwise and simultaneous multiview registration,
we cite Ref. 2,4,7,34,37,43. Examples of automatic integration techniques include
Ref. 12,16,41 and �nally , examplesof automatic reconstruction techniques include
Ref. 15,21,22,29.

However, automatic correspondenceis an ongoing research problem and inher-
ently challenging for the following reasons.First, each view of the object is de�ned
in a separate coordinate frame and there is no available information related to
the rotation and translation betweenthe two coordinate frames.Consequently , the
views cannot be directly matched in order to establish correspondencesbetween
them. Second,given that two views overlap, no information is available regarding
their region of overlap. Therefore, it cannot be ascertainedasto which points in one
view have their corresponding points in the other view. Finally, in a more general
case,given a set of unordered views of an object, there is no information regarding
overlapping view pairs in that set.

In order to devise a fully automatic 3D modeling system, there is a need to
develop an automatic correspondencealgorithm which meetscertain crucial speci-
�cations as listed below. We de�ne an automatic 3D modeling systemasonewhich
is capableof generating a 3D model of an object from its unordered views without
any user intervention. By unordered views, we mean that the order in which the
views were acquired is unknown and hence there is no a priori knowledge about
which view pairs overlap. The relative importance of these speci�cations depends
upon the type of application. However, these speci�cations must be fully satis�ed
by a correspondencealgorithm in order to be applicable in all practical scenarios.
Thesespeci�cations are:

� Automatism of the whole pairwise correspondenceprocess
� Applicabilit y to free-form objects
� Accuracy
� E�ciency with respect to time
� Robustnessto the range image resolution and surfacesampling
� Robustnessto the overlap betweenadjacent views
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� Robustnessto the noise in the range images
� Applicabilit y to multiview correspondencebetweenunordered views

We de�ne an automatic correspondence algorithm as one which requires no hu-
man intervention at any stage.A free-form object (also known asa sculpted object)
is de�ned as one which has a smooth surface with a well de�ned and continuous
surfacenormal everywhereexcept at vertices,edgesand cusps3. No restrictions are
imposedon the shape of the object. Accuracy of correspondencesis necessaryfor
accurateregistration and 3D modeling. E�ciency with respect to time requiresthat
the algorithm must execute in a reasonableduration of time. Robustnessto range
image resolution and surface sampling implies that an algorithm's computational
complexity should not increasewith the resolution of the views (number of data
points per view) and the matching processshould not be sensitive to the varia-
tions in the surfacesampling of the views. Robustnessto overlap implies that the
correspondencealgorithm should not require excessive overlap between adjacent
views and should not make any assumptionsabout their regionsof overlap (for in-
stancethe DARCES algorithm 6 assumesa rectangular block of overlapping regions
which is not always the casein practice, seeSection 3.1). Finally, we de�ne multi-
view correspondence asa simultaneousone-to-many correspondenceapproach. More
precisely, the correspondencealgorithm should be able to simultaneously match a
singleview with many viewsasopposedto matching two viewsat a time. A pairwise
correspondencealgorithm is not practical in casethe views are unordered because
the algorithm will have to make an exhaustive search for correspondencesbetween
N (N � 1)=2 pairs of views (where N is the total number of views). The compu-
tational complexity of a pairwise algorithm in this caseis O(N 2) which makes it
computationally expensive.

Few automatic correspondencetechniques exist in the literature. However, as
will be demonstrated in this paper, all of thesetechniquesare pairwise and achieve
automatism by compromising at least one or more of our remaining speci�cations
which limits their applicabilit y. Moreover, there is a lack of a review paper which
analyzesthesecorrespondencetechniquesaccording to the sameset of criteria. On
this basis,we present in this paper, a taxonomy of thesecorrespondencetechniques
and an extensive review of each one of them. We will also perform their analysis
according to the above listed important criteria.

The rest of this paper is organizedas follows. In Section 2, we give a taxonomy
of automatic correspondencetechniques.From Section 3 to Section 6, we shall dis-
cusssomeautomatic correspondencealgorithms belonging to each category of the
taxonomy. These Sectionsalso include the analysis of these algorithms according
to our listed criteria. An interesting point to note about these algorithms is that
almost all of them rely on the Iterativ e Closest Point (ICP) algorithm 4 or one of
its variants in order to verify the correspondencesand re�ne their registration re-
sults. The ICP algorithm establishescorrespondencesbetween the nearest points
of two views and calculates the rigid transformation that would minimize the dis-
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tance betweenthese corresponding points. This transformation is applied and the
processis repeated until the distance betweenthe corresponding points cannot be
reducedany further or no further correspondencescan be establishedbetweenthe
two views. The ICP algorithm however is not automatic becauseit requiresan ini-
tial registration estimate for initialization. In Section 7 we review a complete 3D
modeling framework and perform its analysis according to our criteria. Finally, in
Section 8 we present our conclusions.

2. Taxonom y of Automatic Corresp ondence Techniques

Automatic correspondencetechniquescanbeclassi�ed asper the taxonomy of Fig. 3
basedon the di�eren t usedapproaches30. Thesetechniquescan be broadly divided
into two categories.The �rst category is basedon an exhaustive search for corre-
sponding points whereasthe secondcategory extracts invariant features from the
viewsfor the purposeof matching them. Exhaustivesearch is guaranteed to �nd the
best solution but thesetechniques are not e�cien t since the search spacebecomes
very large even for medium size data sets. To roughly estimate the complexity of
an exhaustive search algorithm, supposewe want to �nd correspondencesbetween
two views with n data points each. A minimum of three non-collinear correspond-
ing point pairs are necessaryto �nd a rigid transformation (rotation matrix and
translation vector) that will align the two views. Therefore, the entire search space
to �nd such pairs would be Cn

3 Cn
3 which has a complexity of O(n6).

The invariant feature matching category can be further subdivided into tech-
niqueswhich extract local featuresand those which extract global features.Global
features have two limitations. First, they may not be fully contained inside the re-
gion of overlap of the views and second,global features may changefrom one view
to the other due to, for instance, di�eren t parts being occluded in the two views.
These limitations will result in the di�cult y of �nding the matching features and
hencethe correspondencesbetweenthe two views. Local features, however, have a
greater chanceof lying fully inside the region of overlap. If a large number of local
featuresare extracted from the views,someof them will be guaranteed to fall inside
the region of overlap. Therefore, there are more chancesthat somelocal features
from one view will match with someof the local features of the other view.

The local feature extraction category is further divided into two sub-categories.
The �rst one extracts local invariant-features by de�ning a local coordinate basis
over the surfaceof the view while the secondone extracts local invariant-features
without de�ning a coordinate basis. In the latter case,it is very challenging to ex-
tract invariant featuresfrom a view becausemost of the featuresthat are de�ned in
the coordinates of oneview changewhen transformed to the coordinates of another
view. By de�ning a local coordinate basis over the surface of the view, all of its
features(as de�ned in this coordinate basis) are invariant to rigid transformations.
However, the main challenge in this case is to de�ne the local coordinate bases
consistently over di�eren t views in the presenceof noise and variations in surface
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Fig. 3. Taxonomy of automatic correspondence techniques (Figure reproduced from Ref. 30).

sampling. Moreover, a minimum of three ordered points are required to uniquely
de�ne a 3D coordinate basis.To ensurethat a corresponding set of three points is
chosenin both the views, 3D basesmust be de�ned from all possiblecombinations
of three points in each view. This leads to a total of P n

3 permutations per view.
Therefore, another challengein this category is to devisea strategy that avoids this
combinatorial explosion.

3. Exhaustiv e Search Techniques

3.1. RANSA C-based DAR CES

3.1.1. Description

RANSAC-basedDARCES (Random SampleConsensusbasedData Aligned Rigid-
it y Constrained Exhaustive Search)6 uniformly samplesthe scenesurfaceto select
three referencepoints Sp (primary), Ss (secondary) and Sa (auxiliary) such that
they form a triangle. Every point in the model is a possiblecorrespondencefor Sp.
Once a point M p in the model has been chosen to correspond to Sp, the search
for the point M s as a corresponding point to Ss is constrained to a sphereof ra-
dius dps = kSp � Ssk with its center at M p (Fig. 4(b)). Similarly, once the point
M s has been chosenthe search for a corresponding point to Sa is restricted to a
circle with radius dqa and center at point M q. dqa is the perpendicular distance of
point Sa from the line joining Sp and Ss. M q is the corresponding point to Sq, the
perpendicular projection of point Sa on line SpSs (Fig. 4(c)).

Once the three corresponding points have been found, a rigid transformation
T c is calculated and applied to all the referencepoints. T c = (R ; t ), where R is
the rotation matrix and t is the translation vector that align the three scenepoints
(Sa ; Sb; Sc) to their corresponding model points (M a ; M b; M c). This transforma-
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Fig. 4. (a) Triangle formed from the three control points. Sq is the orthogonal pro jection of Sa to
line Sp Ss and dqa is the orthogonal distance from it. (b) The search region for the corresponding
point to Ss is a sphere. (c) M q is the corresponding point to Sq in the model. The search for
the corresponding point to Sa is restricted to this circle. (Fig. taken with permission from Ref. 6
c
 IEEE 1991).

tion is then veri�ed by calculating the distance of the referencepoints from the
model surface. The number of referencepoints for which this distance is smaller
than a threshold is called the overlapping number No. No is calculated for each
possible three point correspondenceand the transformation with the largest No

is consideredas the solution. Finally, the ICP algorithm 4 is applied to re�ne the
registration. To improve the e�ciency of the algorithm, more than 3 control points
denotedby Sp; Ss ; Sa ; S4; S5; : : : ; Sn c are used.The primary control point is selected
at random and the remaining control points are selectedsuch that they gradually
form a bigger triangle (Fig. 5(a)). Once T c has been calculated it is applied to
the remaining control points one by one and the transformed point is checked for
alignment constraint. If the distance betweenthe transformed scenepoint and the
nearest model point is greater than a preset threshold, T c is rejected at an early
stage. The algorithm then seeksanother set of correspondencesfor the �rst three
control points. To further improve the e�ciency , a coarseto �ne search scheme is
applied. The correspondenceof Sp is �rst sought at the coarsestlevel which gives
the initial estimate for the next �ner level. Once the correspondenceof Sp hasbeen
hypothesized,the correspondencesof the remaining control points are sought at the
�nest level. Di�eren t thresholds of correspondencedistancesare usedfor the three
levels of search.

To dealwith the partially overlapping case,the DARCES algorithm ensuresthat
at least oneprimary point will be selectedsuch that all the control points lie within
the overlapping region.For this purpose,the RANSAC technique is usedto calculate
the minimum number of iterations required. Supposethe overlapping region (OR)
of two partially overlapping views is a squareof length l in the index plane of the
scene(Figure 5(b)). If all of the control points are to lie inside OR, the primary
point must lie in the eroded overlapping region (EOR). The number of expected
times of random trials is E = 1=p. Where p = r � (l � d)2=l2 is the probabilit y of
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Fig. 5. (a) Fifteen control points selected in the sceneindex plane. (b) Partially overlapping case.
Point Sp must lie in E OR for all the control points to lie inside the OR (Fig. taken with permission
from Ref. 6 c
 IEEE 1991).

a primary point to lie inside the EOR. r is the overlap ratio (r = no=ns i.e. the
number of scenepoints in OR divided by the total scenepoints).

3.1.2. Analysis

RANSAC-basedDARCES is applicable to free-form objects and is guaranteed to
�nd an accurate solution since it is basedon an exhaustive search. However, this
makes the algorithm ine�cien t. For the primary scenepoint Sp, all points on the
model are possiblecorrespondences.In caseSp doesnot lie inside EOR the entire
exhaustive search e�ort for its corresponding point will be futile. This algorithm is
also not robust to resolution and surfacesampling. The computational complexity
of the algorithm grows exponentially with the increasein the resolution and will
very quickly get out of control for denserdata sets.The algorithm is also sensitive
to variations in surface sampling since it matches sceneand model points rather
than surfaces.

Another limitation of the RANSAC algorithm is that it assumesthe overlapping
region to be continuous and to form a rectangular region in the image plane (Fig.
5(b)). In practice, the overlapping region is neither continuous nor as simple as
claimed. For instance, it may not be continuousand may include holes(areasof no
overlap) due to sensorerror or self-occlusions.If one of the 15 control points falls
into such a region wherethe surfacesdo not overlap, it will not �nd a corresponding
point in the model and the algorithm will reject a valid T c on this basis.This is not
a�ordable in an exhaustive search. In the worst case,the two surfacesmay overlap
in a fashion that it may not be possibleto have any triangle of 15 points fully inside
a region of overlap. To overcomethis situation, the size of the triangle should be
kept considerablysmall resulting in transformations that are very sensitive to noise.
This will alsoincreasethe number of iterations required beforea solution is reached.
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The abilit y of the algorithm to handle noise was not discussedin the paper. We
believe that noisewill adversely a�ect the performanceof the algorithm since this
approach linearly matches the distance between points in the two views. Finally,
the DARCES algorithm is unable to perform multiview correspondencebetween
unordered views.

3.2. Gr aph Matching

3.2.1. Description

The graph matching technique8 is basedon the principle of invariance of distance
measuresunder rigid transformations. By choosing three points P1; P2 and P3 on
one surfaceand calculating their distancesd(P1; P2), d(P1; P3) and d(P2; P3), the
conservation of distances are used to �nd similar points on the second surface
that would make a similar triangle. In the simplest caseof two surfaceshaving n
similar points, the n feature points at view 1 are connected to form a graph G1

e.g.a spanning tree, a polygon or a path. Next, an optimal matching graph G0 will
be derived from the secondview by the matching algorithm. The corresponding
vertices of the two graphs form the corresponding points from which the rigid
transformation, that aligns the two surfaces,is calculated.

Let G1 = f P1; P2; ::::::; Pn g and df Pi ; Pi +1 g be the distance of the i th edgeof
G1. The �rst step of the algorithm is to �nd an edgeQi Qj in the secondview whose
length is closeto the �rst edgeP1P2 of G1 (Eqn. 2).

kd(Qi ; Qj ) � d(P1; P2)k � � (2)

If Eqn. 2 (where � is a tolerance) is satis�ed then there are two possibilities i.e. Qi

may correspond to P1 or P2. Both possibilities will be attempted for all matching
edgesQi Qj to generate a matching graph to G1. Consider the �rst case i.e. Qi

corresponds to P1, �nd recursively the third vertex Qk such that the edgeQi Qk is
closeto P1P3 and Qj Qk is closeto P2P3. This processis repeatedtill all the n points
have beenconsidered.This will result in a candidate graph G0 = f Q0

1; Q0
2; ::::::; Q0

n g
of view 2. The candidate graph G00that has the minimum kth order error (de�ned
by Eqn. 4) from G1 will be consideredas the solution.

kG00� G1kk � kG0
i � G1kk ; f or all i (3)

kG0 � G1kk =
i = nX

i =2

min (k ;i � 1)X

j =1

kd(Q0
i ; Qi � j ) � d(Pi ; Pi � j )k (4)

In Eqn. 3 and Eqn. 4, k can vary from 1 to n. Increasing the value of k lowers
the chancesthat a wrong correspondencewill be included in the graph. However,
it will also increasethe comparison time and the chancesof rejecting a node. The
rejection of a singlenode meansthat the entire subtree that follows it will not have
to be visited resulting in an overall time improvement. Before a new point Ql is
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acceptedas the (i + 1)st node to the candidate graph G0, two conditions must be
satis�ed. First, the edgedi�erence of the new edgeshould be lessthan � . Second,
the accumulated kth order error must be lessthan the threshold � = n(n � 1)�=2
(where n is the number of nodesin G). If noneof the remaining points satisfy these
two conditions, node Q0

i will also be deleted from G0 and the search will continue.
In the caseof partially overlapping surfaces,there may not be a corresponding

point on the secondsurfacefor every feature point of the �rst surface.The algorithm
proceedsby consideringthat each point in view 1 may be an extra point and assigns
it to match a null point. The optimum solution is chosenfrom the candidate graphs
which has the maximum number of matched non-null points. In the caseof a tie,
the decision is based on the least accumulated error. To achieve computational
e�ciency , the data set is split into s subsets.The matching algorithm is applied
to each subset to �nd its corresponding matching graph. The corresponding data
points found for the �rst subsetare removedoncethe matching graph for the second
subsetis sought. This processcontinuestill the matching graphs for all the subsets
have beenfound.

3.2.2. Analysis

The graph matching algorithm is applicable to free-form objects only if all the data
points are consideredfor building the graph. Extracting feature points will limit
its applicabilit y to those objects which have the required features and the results
would alsodependent upon the consistent extraction of feature points from the two
views. In caseall points are consideredfor building the graph, the algorithm will
becomeine�cien t sinceit is basedon an exhaustivesearch. The algorithm alsolacks
robustnessto resolution since the search spacefor a matching graph in the second
view exponentially grows with an increasein its data points. This problem may be
solved to some extent by splitting the graph into subsets.However, a signi�can t
gain in e�ciency can only be achieved if the subsetgraphs are very small. In which
case,the accuracy of the algorithm will su�er. This algorithm is also sensitive to
variations in surfacesampling becauseit is basedon the matching of data points
as opposedto the matching of surfacepatches.

This technique is only suitable for low resolution data and in the casewhereone
surfaceis a subsetof the other, which is generally not the casein the context of 3D
modeling. Although it provides a solution to handle partially overlapping surfaces,
the suggestedsolution doesnot clarify how many consecutive points and how many
total points in the graph G1 can be consideredas extra points. Allowing too may
consecutive extra points may again adversely a�ect the e�ciency and accuracy of
the algorithm. The authors of this algorithm do not provide any evidenceregarding
the robustnessof the algorithm to noise.We believe that noisewill further reduce
the e�ciency of the algorithm by increasingthe number of points in G1 that should
be labeledasextra points. Finally, sincethe graph matching algorithm su�ers from
ine�ciency in the caseof pairwise correspondence,it certainly cannot be applied
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to solve the multiview correspondenceproblem.

4. Matc hing In varian t Global Features

4.1. Bitangent Curve Matching

4.1.1. Description

Bitangent curve matching45 is basedon the extraction of invariant characteristics
of bitangent curve pairs. Correspondencebetween these curve pairs gives a crude
estimate for an initial registration which is then further re�ned using the ICP
algorithm 4. This technique is robust to the a�ne distortions intro duced during an
uncalibrated scanas long as there is one calibrated scanavailable.

Bitangent points are de�ned as point pairs on a 3D surfacehaving a common
tangent plane. Bitangent curves are those on which a bitangent plane (a plane
which is tangent to two points) can roll (Fig. 6(a)). These curvescontain a series
of bitangent points. Bitangent points and curves are invariant under Euclidean,
a�ne and projective transformations. Bitangent curvesare extracted e�cien tly by
�nding the self intersection of a surface in dual spaceas follows. Tangent planes
are calculated for every point X on a surface.The equation of the tangent plane is
of the form aX + bY + cZ + d = 0 . Next a dual point D x is calculated from the
tangent plane as follows. The vector [a b c]0 is scaled to constitute a unit vector
that corresponds to the surfacenormal. The value of d after scalingcorresponds to
the distanceof the plane from the origin. The dual point is the vector D x = [a b d]0

after rescaling.D x is calculated for every point on the surfaceand theseD x points
make up a new surfaceknown as the dual surface.Sincebitangent points have the
sametangent plane, they correspond to the self intersectionsof the dual surface45.
Fig. 7 shows the bitangent curveson the faceof a statue with one pair highlighted
in Fig. 7(c). Bitangent curve pairs can have considerably varying lengths.

Invariant signaturesare then extracted from the bitangent curve pairs. A single
parameterization is usedat both points of the pair and for every value of a chosen
parameter, invariants are extracted from the coordinates and derivativesof the two
points. In the Euclidean case,an invariant is derived using the angle between the
tangent vectors to the bitangent curves.Another invariant is derived by expressing
the bitangent curvesasa function of the arc length of the longestof the two curves
(seeRef. 45 for details).

To �nd correspondencebetween two surfaces,the invariant signatures of their
longest15 bitangent curvesare matched. It is possiblefor two matching surfacesto
contain only parts of their corresponding bitangent curves(in caseof occlusion for
instance), the signaturesare therefore divided into segments. A matching signature
segment corresponds to a pair of segments on the bitangent curve pair of each
surface. The endpoints of these curves give four points on one surface and their
corresponding four points on the other surface.This information is usedto calculate
the Euclidean or a�ne transformation betweenthe surfaces.The transformation is
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Fig. 6. (a) A rolling plane describing a pair of bitangent curves on a surface. (b) A view of a dual
surface (Fig. taken with permission from Ref. 45 c
 IEEE 1999).

Fig. 7. (a) A 3D view of a face. (b) Bitangen t curves on the face. (c) One pair of bitangent curves
shown in black (Fig. taken with permission from Ref. 45 c
 IEEE 1999).

then applied and veri�ed by calculating the closestpoint distanceof the two surfaces
for a subsetof points. If this distanceis lessthan twice the resolution of the surfaces
for a large number of points, the transformation is acceptedand �nally re�ned with
the ICP algorithm 4.

4.1.2. Analysis

Bitangent curve matching is applicable to free-form objects. The identi�cation of
bitangent curves involves the calculation of tangent planes for every point on the
sceneand model surface. The computational complexity of this processincreases
linearly with the increasein the resolution of the surfaces.Oncethe bitangent curves
have beenidenti�ed, the invariant signature extraction and matching would depend
upon the number of bitangent curves.A major limitation of this algorithm is that
bitangent curves are global features. Global features may not be fully contained
inside the region of overlap. In which case,one of the bitangent curvesmay not be
fully inside the overlapping region. This would result in erroneouscorrespondences.
To overcomethis problem a lot of overlap must be kept between adjacent views.
Another limitation of this algorithm is that the extraction of bitangent curvesand



April 26, 2005 17:42 WSPC/INSTR UCTION FILE mian_ijsm_�nal

Review of Automatic Corr espondence Techniques 13

their invariants involve the calculation of derivatives which are sensitive to noise
and surfacesampling. Therefore, heavy smoothing of the surfaceis required before
calculating the bitangent curves. Smoothing of the surfacecan itself result in the
lossof features (seeFig. 7(c)) leading to variations in the bitangent curves.

5. Matc hing Lo cal Features Extracted without a Co ordinate Basis

5.1. Spheric al A ttribute Image (SAI) Matching

5.1.1. Description

Spherical Attribute Imageswere initially developed as a representation schemefor
object recognition13;19. However, this approach has also been applied to �nd cor-
respondencesbetween two partially overlapping surfaces20 by matching their SAI
representations. SAI matching falls into the invariant feature matching without lo-
cal coordinate basiscategory. This algorithm has two main phases,SAI formation
and SAI matching. During SAI formation, the surfacedata points are approximated
by tessellatingan arbitrary surfaceinto a semi-regularmesh.The tessellation is de-
formed repeatedly under three constraints. First, it shouldbe ascloseto the original
surfaceas possible.Second,all vertices must have exactly three connectedneigh-
bours. Third, the mesh should follow the regularity constraint i.e. if P is a node
of the tessellation with P1; P2 and P3 as neighbours, G is the centroid of the three
neighboring points and Q is the projection of point P on the plane de�ned by P1; P2

and P3 then Q and G must coincide(Fig. 8(a)). This regularity constraint ensures
that the distribution of the mesh nodes on the surface is invariant to rotation,
translation and scaling.

Next, the simplex angle is computed at each node. The simplex angle is a mea-
sure of curvature and is invariant to rotation, translation and scaling. The simplex
angle at P, denoted by g(P), is computed as follows. The node P along with its
neighbours P1; P2 and P3 form a tetrahedron inside a sphereof radius r centered
at O (Fig. 8(b)). Z is a line passing through O and the center of the circle cir-
cumscribed to P1; P2 and P3

13. The cross-sectionof the tetrahedron with the plane
formed by point P and the line Z is a triangle (Fig. 8(c)). The simplex angle ( ) is
the angle betweenthe two edgesof the triangle intersecting at P.  varies between
� � and + � . It is zerofor a planar surface,positive for a convex surfaceand negative
for concave surfaces.

Thesesimplex anglesare calculated and mapped onto a unit sphere.A unique
index is associated with each node which de�nes a mapping h between the mesh
M and a referencemesh S on the surface of the unit sphere i.e. if P is a node
on S then h(P) is the corresponding node on M . The mapping h is such that it
preservesconnectivity. At each node of the unit sphereS, the simplex angle of the
corresponding node on the meshis stored. This results in a spherical image known
as the SAI which is invariant to translation and scaling. Moreover, the SAIs of the
samesurfaceare identical up to a rotation i.e. one is a rotated versionof the other.
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Fig. 8. (a) For local regularit y point Q should coincide with point G. (b) and (c) De�nition of
simplex angle (Fig. reproduced from Ref. 13 c
 IEEE 1993).

Parts of the original surfacewith missing data are interpolated by the mesh�tting
algorithm and the resulting nodesare marked asinterpolated. Nodesare marked as
interpolated if their distance from the closestdata point is more than a threshold.
A complete closed mesh is built even for partially visible surfaces.In such cases
the nodes are marked as visible or invisible depending upon their distance from
the closestdata point. Interpolated and invisible points are not used for matching
purposes.

The SAI matching proceedsas follows. Let S and S0 be the SAIs of two views
of a surface and R be the rotation that aligns the two SAIs. R is calculated by
minimizing the following cost function:

D (S;S0; R ) =
X

(g(P) � g(R P 0))2 (5)

The above cost function is calculated for a valid list of correspondences(Pi ; P0
j )

between the nodes Pi of S and the nodes P 0
j of S0. Node P1 of S is put in cor-

respondencewith node P 0
j 1 of S0 and its two neighbours P2 and P3, are put in

correspondencewith the neighbours of P 0
j 1 i.e. Pj 2 and P 0

j 3 respectively. This set of
three correspondencesde�ne a unique rotation of the spherical image. All possible
rotations of the SAI are tried up to its resolution and the one giving a minimum
value of D is acceptedas the optimum rotation. This rotation, however is not the
sameas the rotation of the original surfacesand is used to identify corresponding
pairs of nodes in the two SAIs. These nodes when mapped back to the original
surfacesgive the corresponding pairs of nodes on the original mesh. Using these
correspondencesa transformation is calculated to align both meshes.This trans-
formation is further re�ned with the ICP algorithm 4.

To comparethe SAIs of di�eren t viewsof a surface,the number of nodesneedto
be adjusted as the relative sizeof the visible area dependsupon the viewing angle.
Let V1 and V2 be the two viewsto be mergedand S1 and S2 be the number of nodes
visible from each viewing angle.Let A1 and A2 be their respectivevisible areasthen
S2=S1 = A2=A1. This relationship is used to modify the SAIs of di�eren t views
so that the distribution of nodes in the visible area is consistent between views.
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To satisfy this equation some visible nodes have to be moved. The connectivity
conservation property of the SAI is usedto establish correspondencesbetweenthe
two views of the surface.

5.1.2. Analysis

The applicabilit y of SAI matching is limited to only those surfaceswhich are free
of topological holes20. The original surface is approximated by a tessellating sur-
face. This approximation is not very accurate due to the regularity constraint and
may consequently lead to inaccurate correspondencesand registration. The SAI
preserves relative simplex angle and connectivity information between the nodes,
however it does not preserve the relative distance between them. This represen-
tation could have been made unique, had the distance between the nodes been
recorded. An exhaustive search is carried out for the optimal rotation that would
align the two SAIs. This makesthe matching processine�cien t. The deformation of
the tessellating surfaceand the calculation of the simplex angle is a preprocessing
overhead that also a�ects the e�ciency of the algorithm especially in the caseof
complex surfaces.SAI matching is robust to resolution and surfacesampling since
it doesnot match the data points but instead matchesthe nodesof the tessellating
meshwhoseresolution and sampling can be controlled.

SAI was originally designedas a representation scheme for object recognition.
Therefore, it is not well suited to the partially overlapping case.For example, it
always approximates a surface with a closed mesh whether or not it is a closed
surface. It then marks each node as visible, invisible or interpolated. It also tries
to adjust the number of visible nodes present in the SAIs of di�eren t views by
marking certain visible nodesin oneof the SAIs as invisible. Sincethere is no prior
knowledgeof the regionof overlap, it is di�cult to decidewhich visible nodesshould
be marked as invisible. All thesefactors may lead to an ambiguous representation.
The algorithm seemsto be su�cien tly robust to noise however no experimental
results to this e�ect have been given by the authors. Moreover, this algorithm
cannot be usedfor multiview correspondencebetweenunordered views.

5.2. Roth's Technique

5.2.1. Description

Roth36 proposedan alternate automatic correspondencetechnique which matches
feature points extracted from the intensity imagescorresponding to the rangedata.
This intensity information is recordedduring the acquisition phasealong with the
range information. The 3D points associated with these feature points extracted
from the intensity images are used to �nd correspondencesbetween two sets of
range data. The 3D feature points are interpolated to form triangular meshes.All
possible pairs of triangles of the two range data sets are then matched to �nd
possible correspondences.Various rigidit y constraints are then applied to prune
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incorrect correspondences.The correspondencethat aligns the largest number of
interest points betweentwo range imagesis consideredas the solution.

A separate broadband camera can be used for a better intensity image since
the cameraused in range scannersis tuned to the laser frequency. However, Roth
discovered that the intensity images provided by most scannerswere acceptable
for the purpose of extracting feature points. These feature points are computed
by �nding the local maxima of the intensity gradient 40 followed by a selection of
points which are above a certain threshold. The number of interest points found
is a function of the threshold value and the texture of the object. Therefore, this
technique is restricted to textured objects. Cornersmakegood interest points due to
their maximum intensity gradient in both directions. Figure 9(a) shows the interest
points in the intensity component of the range image of a duck.

The 3D points associated with the interest points in the intensity imageare used
to de�ne 3D triangles using a Delaunay Tetrahedrization (Fig. 9(b)). These trian-
glesare invariant to geometric transformations. If the extracted interest points are
the samein the overlapping region of the two rangeimages,then the corresponding
triangles will also be the same. The interest points will di�er somewhat in prac-
tice between imagesdue to the presenceof noiseand the variations in the surface
sampling. However, this technique will succeedas long as there is a singlematching
triangle in the overlapping region of the two range data sets. This is becauseone
pair of corresponding triangles is su�cien t to derive a transformation betweenthe
two views. If there are m model feature points and n scenefeature points then
the number of possiblecorrespondenceswill be Cm

3 Cn
3 . Since it is not feasible to

considerall thesepossiblecorrespondences,a rigidit y constraint is usedto limit the
search space.Only thosetriangles which have approximately the sameedgelengths
are consideredas possiblematches.This is doneby �rst sorting the edgelengths of
each triangle in decreasingorder and then quantizing them into k bits. k is chosen
such that the smallest bit corresponds to the resolution of the range image. Each
triangle can now be represented by a 3k bit string. Next, the bit strings of all the
triangles are sorted in each data set. All the triangles that have the samebit string
are put together in a linked list. This data structure is usedto �nd all the triangles
with the samebit string in both views. Such pairs of triangles are consideredas
potential matches.

A pair of matching triangles givesthree setsof matching vertices i.e. 3D points.
Each 3D point has its associated normal. The angular di�erence betweenthe nor-
mals of two points is invariant to rigid transformations. Therefore, for a pair of
triangles to be matching, the angle di�erence for their corresponding vertex pairs
should be the same.If a vertex pair of two matching triangles does not passthis
test, the match is treated as invalid.

Further �ltering of incorrect triangle matchesis doneusing the following rigidit y
constraint. For all feature points in both data sets, the 3D distancesof all other
feature points are computed. These distances are sorted and placed in a vector
called inter-feature distance vector. This inter-feature distance vector should be
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Fig. 9. (a) Feature points in the intensit y image of a duck. (b) Delaunay tetrahedrization of the
3D coordinates of the feature points in the range image of the duck (Fig. taken with permission
from Ref. 36 c
 IEEE 1999).

the samefor two matching points. The level of compatibilit y of two feature points
will also depend upon their location in the overlapping region of the views. Points
that are in the middle of the overlapping region are likely to be more compatible.
Two points are consideredto match if their inter-feature distance vectors match.
Two inter-feature distance vectors are consideredto match if they have more than
a certain number of similar distances. Only those triangles whose corresponding
pairs of vertices pass this test are considered to match. The matching triangle
pairs are used,one by one, to calculate a 3D transformation that aligns them. The
transformation that aligns the maximum number of interest points of the two range
imagesis consideredas the optimal transformation.

5.2.2. Analysis

This algorithm is only limited to those objects which have a signi�can t amount of
texture on their surfaces.This is not true for all free-form objects. The successof
the algorithm is highly dependent upon the consistent extraction of features from
textured objects. This extraction needsto be invariant to the lighting conditions.
Moreover, the algorithm alsoassumesthat the rangeimageswill be accompaniedby
their corresponding intensity imagesfrom which the feature points are extracted.
Not all acquisition systemshave this option e.g. imaging radars and laser time of

igh t scanners.In such cases,a separatecamerais required to capture the intensity
imagesof the object. The calibration of this camera with the acquisition system
will also require precision.

Apart from theselimitations and assumingthat the feature extraction is consis-
tent, the algorithm is likely to be accurate.The algorithm is alsovery e�cien t since
the search spaceis only limited to the extracted feature points. The algorithm is not
a�ected by the variations in resolution and surfacesampling since it only matches
feature points and not the entire set of data points in the range images.The ro-
bustnessof the algorithm to noise depends upon the robustnessof the algorithm
usedto extract the feature points. However, no experimental results were given by
the authors to this a�ect. Finally, this algorithm is for pairwise correspondenceand
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cannot be usedfor multiview correspondencebetweenunordered views.

6. Matc hing Lo cal Features De�ned in Lo cal Co ordinates

6.1. Matching Oriente d Points (Spin Images)

6.1.1. Description

In this technique26;27 the invariant featuresare called spin images.Spin imagesare
extracted at each oriented point of the surface. An oriented point is de�ned as a
point along with its normal. A spin imageat an oriented point is a 2D histogram of
the cylindrical coordinates of its surrounding points (Fig. 10(a)). Spin imagesare
matched using correlation.

The algorithm has two phases.A representation phasein which the spin images
are generated for the views and a matching phase during which the spin images
of two views are matched to �nd their correspondences.During the representation
phase, the input views are converted into triangular meshes.Normals are then
calculated for each vertex point. A spin image,being a 2D histogram of the vertices,
is not invariant to di�eren t meshresolutions.Therefore, the meshis optimized to a
uniform resolution. Spin imagesare then built for each vertex of the model view by
making a 2D histogram of the surrounding points within a support size (Fig. 10)
and stored in a spin image stack. The technique requires two parameters to be
selected,the support sizeand the bin sizeof the spin image.Johnsonand Hebert27

chosea bin size equal to the mesh resolution and a support size equal to 15 � 15
bins.

During the matching phase,spin imagesare generatedfor a limited number of
randomly selectedscenepoints and matched with all the spin imagesof the model
using normalized correlation coe�cien t. To handle clutter and occlusionsthe spin
images are compared only in bins where both spin images have data. To make
the correlation coe�cien t independent of the number of bins, the variance of the
correlation coe�cien t is included in the calculations. Eqn. 6 gives the similarit y
measurebetweentwo spin imagesP and Q.

C(P; Q) = (tanh � 1(R(P; Q))) 2 � � (
1

N � 3
) (6)

In Eqn. 6, R(P; Q) is the normalized linear correlation coe�cien t of spin im-
agesP and Q. � is a weighting parameter which weights the variance against the
expected value of the correlation coe�cien t and is set to 3. N is the number of
overlapping bins used. Spin imagesof corresponding points have a high similarit y
measure.The similarit y measurebetweenall the sceneand model spin imagesare
inserted in a histogram (Fig. 11) and the model points which are upper outliers
are chosenas the possiblecorresponding points to each scenepoint. There are two
advantagesto this approach. First, if there is no outlier then the scenepoint has a
spin image that is similar to all model spin imagesand should not be usedfor cor-
respondence.Second,if more than one outlier exists then this meansthat there is
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Fig. 10. (a) A triangular mesh with an oriented point p and its normal n. P is the tangent plane
at point p. � and � are the cylindrical coordinates of the point x. (b) Generation of a spin image
can be assumed as an image plane spinning about the normal of an oriented point and summing
points (ligh t shaded region) as they pass through the bins of the image plane. (c) The resultan t
spin image from (b). (Fig. taken with permission from Ref. 25 c
 D. Hub er 2002).

Fig. 11. Histogram of similarit y measure between scene and model points (Fig. taken with per-
mission from Ref. 27 c
 IEEE 1997).

more than onecorrespondencefor the samescenepoint. All such model-scenecorre-
spondencesshould be consideredand the incorrect onesshould be �ltered out using
someother mechanism described below. Outlier correspondencesare automatically
detected by detecting correspondencesthat have similarit y measuresgreater than
the upper fourth plus three times the fourth spread(f s) of the histogram (Fig. 11).

The correspondencesobtained from the above processcontain many incorrect
oneswhich need to be �ltered out. The �ltration proceedsas follows. Correspon-
denceswith similarit y measureslessthan a pre-speci�ed threshold are eliminated.
In the next �ltering step, two sets of oriented point correspondences(s1; m1) and
(s2; m2) are taken and checked for geometric consistency(Eqn. 7 and Eqn. 8).

dgc(C1; C2) =
kSm 2 (m1) � Ss2 (s1)k

(kSm 2 (m1)k + kSs2 (s1)k)=2
(7)

Dgc = max(dgc(C1; C2); dgc(C2; C1)) (8)
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dgc is the normalized distance betweenthe correspondencesC1 = (s1; m1) and
C2 = (s2; m2) . Sm 2 (m1) represents the spin image coordinates (�; � ) of the point
m1 with respect to the oriented point m2 . Dgc is the geometric consistencydis-
tance. To �lter correspondences,D gc(C1; C2) is calculated for each correspondence
pair C1 with every other correspondencepair. If D gc(C1; C2) is lessthan a thresh-
old (0.25 in this case) for at least a quarter of the total correspondences,C1 is
acceptedotherwise it is removed. The remaining correspondencesare grouped into
geometrically consistent setsusing a criterion Wgc (Eqn. 9 and Eqn. 10).

wgc(C1; C2) =
dgc(C1; C2)

1 � e� (kSm 2 (m 1 )k+ kSs 2 (s1 )k)=(2 
 )
(9)

Wgc(C1; C2) = max(wgc(C1; C2); wgc(C2; C1)) (10)

Wgc is small for geometrically consistent correspondencepairs that are also far
apart. Spatially spreadcorrespondencesare desirablebecausethey are lesssensitive
to noise. 
 is a normalizing factor and is set to four times the mesh resolution to
encouragecorrespondencesthat aremore than four times the meshresolution apart.
The grouping criteria for a correspondenceC is given by Eqn. 11.

Wgc(C; f C1; ::::::; Cn g) = max i (Wgc(C; Ci )) (11)

Given a list of correspondencesL = f C1; C2; :::; Cn g the grouping proceedsas
follows. First, a seedcorrespondenceis selectedto initialize a group Gi = f Ci g.
Next a correspondenceCj is searched for in L for which Wgc(Cj ; Gi ) is minimum.
If Wgc(Cj ; Gi ) < Tgc then add Cj to Gi (Tgc is set to 0.25). This procedureis per-
formed for every correspondencein L . It is therefore possiblefor a correspondence
to appear in multiple groups using this algorithm. Once all the correspondences
have been distributed among geometrically consistent groups, plausible transfor-
mations are calculated for each group. The best transformation is identi�ed by
applying the transformation and counting the closestpoint correspondencesin the
registeredviews. The one which givesthe maximum number of correspondencesis
acceptedand re�ned with a variant of ICP 47.

6.1.2. Analysis

Spin imagematching is applicable to free-form objects and is accurate.However, to
obtain accuracyit must passthe correspondencesgiven by the spin imagesthrough
a large number of �ltration steps.This is due to the fact that the spin image rep-
resentation is not unique and givesa large number of ambiguous correspondences.
The non-unicity of the spin imagesoccurs due to the mapping of 3D points to 2D
images.This algorithm is ine�cien t since the large number of ambiguous matches
have to go through a number of �ltration steps.The geometric consistency(�ltra-
tion) test requires CN

2 pairs of correspondencesto be tested (where N is the total
number of correspondencesthat are left after the last �ltration step). Similarly the
correspondencegrouping requires the calculation of Wgc betweenall possiblepairs
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of correspondences.This processalso requiresCN
2 operations and may result in an

N number of geometrically consistent groups in the worst case.A rigid transfor-
mation needsto be calculated for each geometrically consistent group and veri�ed.
This veri�cation is computationally expensive becauseit involves the transforma-
tion of the sceneview to the coordinates of the model view and the search for
neighbouring points betweenthe two views.

Spin image matching is not robust to variations in the resolution and surface
sampling of the views.The complexity of the spin imagematching increaseslinearly
with the sizeof the data sets.Moreover, the technique also requiresa preprocessing
step of converting the meshesinto uniform sampling. Apart from theselimitations,
the algorithm appearsto be robust to the amount of overlap betweenthe two views
due to two main reasons.First, spin images are local features therefore some of
these spin images will lie inside the overlapping region. Second,spin images are
matched only in their overlapping bins to cater for occlusions.This algorithm also
seemsrobust to noisebecauseit usesa statistical measurefor matching. Statistical
measuresgenerally perform better in the presenceof noise as compared to lin-
ear measures.Finally, this algorithm cannot be usedfor multiview correspondence
betweenunordered views.

6.2. Thr ee-T uple Matching

6.2.1. Description

Three-tuple matching9 requires the computation of principal curvatures and their
direction vectors for the sceneand model points. Correspondencesare then estab-
lished betweenthe sceneand model points using curvature, distance and direction
constraints. The resulting transformations are then veri�ed to identify the optimal
one.

The algorithm �rst selectsseedpoints on the scenesurfaceat which the principal
curvatures of the surface can be reliably calculated. Such points are located by
�tting a biquadratic polynomial over a N � N neighbourhood patch around the
point and examining the residual �t error. If the error is below a threshold, the
point is consideredas \bi-smo oth". This processis repeated for all points on the
surfaceand the points are orderedaccordingto the surface�t error. A set of reliable
seedpoints is then selectedfrom this list by choosing the required number of best
points such that they areall at leastN neighboursaway from each other. N is chosen
such that the seedsuniformly cover the entire scenesurface.The total number of
seedschosenis lessthan 25.

For each point in the set of reliable seedssay SR = f r1; r2; ::::::; rn r g, the princi-
pal curvatures k1 and k2 and their directions t 1 and t 2 are calculated (seeRef. 9 for
the calculation of curvatures). The vectors n (normal), t 1 and t 2 form an orthog-
onal frame known as the Darboux frame � = [n t 1 t 2 ]. Next, three seedpoints
s� ; s� and s
 are chosenfrom this set and their corresponding points m � , m� and
m
 are sought in the model. Ideally, a set of three corresponding points is su�cien t
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to calculate the transformation from a sceneto the model. s� is chosensuch that it
is not umbilical i.e. points having approximately equal principal curvatures. s� and
s
 are selectedsuch that the three points form a maximum area triangle. The pos-
sible corresponding points of s� are sought in the model by applying the curvature
constraint (Eqn. 12).

kkn (sp) � kn (mp)k � " k n = 1; 2; p = �; � ; 
 (12)

For each association of s� and m� , a rotation matrix R can be derived by
aligning the coordinate frames of s� and m� (Eqn. 13).

R = � (m� )� > (s� ) (13)

R is the rotation matrix that aligns the scenewith the model coordinates. R
is prone to errors due to the presenceof noise in the range scanner.However, R
can still be used to estimate the likely positions of m � and m
 . This is done by
combining the distance (Eqn. 14 to Eqn. 16) and direction (Eqn. 17 to Eqn. 19)
constraints to limit the search region for thesepoints. This technique is conceptually
explained in Fig. 12.

d1 = kd(s� ; s
 ) � d(m� ; m
 )k < " d (14)

d2 = kd(s� ; s� ) � d(m� ; m� )k < " d (15)

d3 = kd(s� ; s
 ) � d(m� ; m
 )k < " d (16)

n> (s� )p1 = n> (m� )q1 (17)

t >
1 (s� )p1 = t >

1 (m� )q1 (18)

t >
2 (s� )p1 = t >

2 (m� )q1 (19)

In Eqn. 17, Eqn. 18 and Eqn. 19, p1 and q1 represent the vectors from s� to s�

and from m� to m� respectively. To ensurethat s� is selectedfrom the region of
overlap, additional constraints are imposedon its selection. Only a subset of seed
points (SC

R ) present in SR will lie inside the overlapping region.However, SC
R cannot

be found exactly due to the lack of prior knowledgeof the viewing directions of the
sceneand model. One approach to this problem is to chooseall the points one by
oneass� and �nd all the possibleset of transformations for each association of s� .
However, such an exhaustivesearch will be ine�cien t and the set of transformations
found may be redundant. Instead of an exhaustive search, a minimal set of seeds
SN

R is identi�ed from the SR from which s� can be chosen without resulting in
redundant transformations. SN

R is de�ned as the set of seedsthat would give all
the possibletransformations found in the set SR without redundancy. SN

R is chosen
such that at least one of its seedsis visible from any model viewing direction (see
Ref. 9 for details).

Once SN
R is identi�ed, the seedpoints s� ; s� and s
 are selectedfrom this set.

The corresponding points on the model are then hypothesizedusing the curvature,
distance and direction constraints. For each hypothesized transformation, a test
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Fig. 12. Point s� and m � are aligned. The search region for m � and m 
 is restricted by " � , d2

and d3 . (Fig. reproduced from Ref. 10 c
 Klu wer Academic Publishers 1997).

is performed to verify whether or not the seedpoints are visible from the model
view point. If the seedpoints are not visible from the model viewing direction this
means that they are outside the overlapping region. Therefore, the hypothesized
transformation is rejected. Transformations are calculated for the correspondences
of all possibleseedpoints that are visible from the model viewing direction. The
transformation that givesthe best nearestneighbour correspondencesfor the over-
lapping points of the model and the sceneis consideredasoptimal and is accepted.
Overlapping and non-overlapping points are distinguished by checking their visibil-
it y from both the model and the sceneviewing direction. If a visible transformed
point does not satisfy the nearest neighbour constraint the transformation is re-
jected. The optimal transformation is further re�ned with the ICP 4 or the Chen
and Medioni's algorithm 7.

6.2.2. Analysis

Three tuple matching is only limited to smooth surfacessincethe algorithm calcu-
lates the principal curvatures for all points on the model surface.The algorithm is
not e�cien t since the search for reliable seedpoints in the sceneand the calcula-
tion of principal curvatures of all the points in the model are both computationally
expensive. The algorithm is also sensitive to variations in resolution becauseits
computational complexity linearly grows with the resolution of the views. The al-
gorithm is also adverselya�ected by any variations in the surfacesampling as it is
basedon matching data points as opposedto surfacepatches.

This algorithm is not robust to noisesinceit requiresthe calculation of principal
curvatures which involve the calculation of �rst and secondorder derivatives.The
error in the calculation of p1 for example is likely to be large. Selecting a large
value for " � will not reduce the search regions for m � and m
 by any signi�can t
amount. However, if a small value is selectedfor " � , the corresponding points of s�

and s
 may not lie inside the limited search region de�ned by " � , in which casethe
accuracy of the algorithm will su�er. The procedure for selecting SN

R points from
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the set of reliable seedsSR is complicated and unreliable. Once SN
R is identi�ed

the algorithm relies on an exhaustive search and tries all possiblecombinations of
three seedpoints. The resulting hypothesesof possibletransformations is likely to be
large and identi�cation of the optimal transformation will again be computationally
expensive. Moreover, the 3-tuple matching algorithm is not applicable in the case
of multiview correspondencebetweenunordered views.

6.3. Point Signatur es

6.3.1. Description

Point signatures10 is a representation schemedeveloped for 3D object recognition.
It can however be adapted for automatic correspondence.A point signature is a one
dimensionalsignature that describesthe surfacesurrounding a point. It is invariant
to rotations and translations and can thereforebe usedto establishcorrespondences
betweentwo di�eren t views of an object.

The signature of a point p is extracted by placing a sphereof radius r centered
at p. The intersection of the spherewith the objects surface gives a 3D curve C.
The orientation of the curve can be de�ned by the normal n1, a \reference" vector
n2 and a cross-product of n1 and n2. This forms the coordinate frame of point p
(� = [n1 n2 n3]). n1 is the normal of a plane �tted to the spacecurve. This plane
is translated to the point p in the direction of the normal n1, forming a new plane
P0. Next the curve C is projected perpendicularly to the plane P 0 forming a new
2D curve C0. This projection of points from C to C0 forms a signeddistancepro�le,
the starting point of which is de�ned by the vector n2. n2 is de�ned as the unit
vector from p to c0 (c0 is a point on C0 that givesthe largest positive distance from
its corresponding point on C). This distance pro�le (represented by d(� ) where
0o � � � 360o) is known as point signatures and is formed by representing every
point on C by the signeddistance d from itself to the corresponding point C0 and
a clockwise rotation of angle � about n1 from the referencedirection n2 (Fig. 13).
C is sampledat intervals of � � (set to 15o) making the distance pro�le a discrete
set of valuesd(� i ) for i = 1; 2; : : : ; n� (n is the number of samples).

The point signatures of two views are linearly matched to establish point cor-
respondences.In the simplest case,a constant tolerance of " tol can be usedto deal
with noisy data. However, in practice there are two additional sourcesof errors
intro duced due to the resolution of the sensorand the discrete sampling of the sig-
nature. Therefore, " is chosendynamically asthe sum of all the three possibleerrors
(seeRef. 10 for details). The point signatures ds(� i ) of a scenepoint is matched
with the point signaturesdm (� i ) of a model point according to Eqn. 20.

kds(� i � � j ) � dm (� i )k � " tol 8 i = 1; 2; : : : ; n� (20)

In Eqn. 20, � j is an element of the set of discrete local maxima positions in case
ds(� i ) hasmore than onepoint which is at maximum (and equal) distancefrom the
curve C. The two points are consideredmatching as long as there is onevalue of � j
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Fig. 13. (a) Contour of points at radius r (b) reference direction (c) point signature (Fig. taken
with permission from Ref. 10 c
 Klu wer Academic Publishers 1997).

for which the above condition is satis�ed. A more detailed correlation �t is applied
to thesepoints by �nding the � opt which givesthe minimum error betweenthe two
signatures. If � opt is non-zero, the referencevector n2 of the scenepoint has to be
rotated to n0

2 about the normal vector n1. The rotation matrix R , that aligns the
scenecoordinates to the model coordinates is calculated using Eqn. 21.

R = � (m)� > (s) (21)

In Eqn. 21, � (m) and � > (s) are the matrices of coordinate framesof the model
and scenepoint respectively. If the scenepoint and the model point are correctly
associated and the extraction of point signaturesis error free then R will correctly
represent the rotation matrix that transforms the sceneto the model coordinates.
However, due to the presenceof noise in the range scannerand the variations in
surfacesampling, the signaturesof corresponding points in two di�eren t views will
not be exactly similar. Due to this reason,R is only used as an estimate to limit
the search for other correspondencepairs as described in Section 6.2 (Fig. 12).

Due to the presenceof symmetries in the object, a single point signature of
the scenemay match with multiple signatures of the model. Consequently , the
resulting rotation matrices are all tried one by one. Points, which do not have
a well de�ned maximum of the distance pro�le of the curve C will result in an
ambiguouscoordinate frame. Such points are only consideredfor matching and not
for extracting R to de�ne search directions for other correspondencepairs. To speed
up the search, the model signaturesare indexed by their maximum and minimum
values so that only those points that have approximately the same maxima and
minima are matched. To reduce the chancesof incorrect matches, two signatures
are generatedat two di�eren t radii for each point.

The matching algorithm proceedsas follows. First, point signatures are calcu-
lated for all the model points. Next, the point signature for a randomly selected
point s�p in the sceneis calculated and the model points m �pq (q = 1; : : : ; h; where
h is the total number of model points whosesignature matched with that of s�p ),
whosesignaturesmatch with that of s�p are extracted. For each association of s�p
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and m�pq , a rotation matrix R is derived (Eqn. 21) which is usedto limit the search
region for the remaining correspondences.Two more seedss� p and s
 p are selected
from the scenewithin a threshold distanceof td from s�p such that the three points
form a maximum area triangle. The three points are transformed to the model co-
ordinates using T . The search regions for the corresponding points of s� p and s
 p

in the model are limited by a cone of tolerance " � (seeFig. 12). More than one
set of correspondences(s�p ; s� p, s
 p) and (m�pq ; m� pq, m
 pq) can be established.
The optimal transformation is identi�ed by transforming the scenepoints to the
model coordinates and searching for nearest neighbour correspondences.The one
that givesthe maximum number of correspondencesis accepted.

6.3.2. Analysis

This algorithm is applicable to free-form objects but lacks accuracy. The main
drawback lies in the representation scheme used. The extraction of the second
coordinate basis n2 has three problems. First, it is not robust to noise. A single
outlier point (as a result of noise) can causea maximum to be created at a wrong
location, resulting in a di�eren t signature. Second,it is ambiguous in the caseof
planar and spherical regions.In which case,all the points on the curve C are at an
equal distance.Third, matching the signatureswith a phaseshift corresponding to
each possiblevalue of n2 will make the matching processine�cien t. Sincen3 is the
crossproduct of n1 and n2, it inherits all the drawbacks from n2. Oncea single set
of corresponding points is found, the search region for the correspondencesof the
outstanding points is restricted to a coneby the rotation matrix R . In our opinion,
the rotation matrix R will be quite inaccurate due to the instabilit y of n2 and n3.
Hence,the correspondencesof the remaining two points may not exist in the search
conesde�ned by angle " � .

This algorithm is sensitive to the resolution of the viewsbecausepoint signatures
must be computed for all the model points. The computational complexity of the
algorithm increaseslinearly with the resolution of the views. The algorithm is also
sensitive to variations in surfacesampling asit matchesdata points of the two views
basedon their spatial positions. The point signaturesalgorithm has not beenused
for multiview correspondencebetweenunordered views.

6.4. Geometric Histo gram Matching

6.4.1. Description

Geometric histogram matching1 approximates each surfaceby a triangular mesh.A
geometrichistogram is built for each facet of the two mesheswhich describesthe re-
lationship of the facet with its surrounding facetswithin a speci�ed neighbourhood.
Next, local correspondencesare hypothesizedbetween the sceneand model facets
by matching their geometric histograms. Finally, a global surface correspondence
is sought by identifying consistent local hypothesesusing a probabilistic Hough
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transform42. A more elaborated description of this algorithm is given below.
A surfaceS represented by a sample of points P = f p1; p2; :::; pN g is approxi-

mated by a triangular meshS0 = f t1; t2; :::; tM g wheret i is a triangular facet of the
mesh.No assumptionsare madeabout the actual distribution of the facetsover the
surfaceas this is unlikely to be repeatable. In Ref. 1, the triangular mesheswere
constructed using a reconstruction algorithm developed by Hoppe et al.23. These
meshesare then simpli�ed using Garland's meshsimpli�cation algorithm 17. Subse-
quently , a geometric histogram is constructed for each facet t i , which described its
relationship with the surrounding facets within a prede�ned neighbourhood. Fig-
ure 14(a) shows the relationship between two facets t i and t j . The relationship is
characterized by two measurements, the relative angle � between the normals of
the two facetsand the distance d from the plane in which facet t i lies to all points
on facet t j . These measurements are weighted by the product of the areasof the
two facets and accumulated into a 2-D histogram (Fig. 14(b)). The weight of the
entry is spreadalong the distance axis in proportion to the area of t j at each dis-
tance. The entry is blurred with a Gaussian blurring function to compensate for
variations in measurements due to the meshapproximation. The coarsenessof the
mesh de�nes the scaleof the blurring function. These entries are accumulated for
all neighbouring facets to constitute the geometric histogram of facet t i .

The geometrichistogram is invariant to rigid transformations and robust to clut-
ter and occlusions.It dependsonly on the surfaceshape and not on the placement of
the triangular facetsover the surface.This property ensuresthat the samesurface,
represented by di�eren t triangular meshes,should still have the samegeometrichis-
togram. Given two surfacemeshesS0

A and S0
B , their geometric histograms hA

i and
hB

j are constructed for all their facets, tA
i and tB

j respectively. Pairwise matching
is then performed between the histograms of the two surfacesusing the following
similarit y metric.

D ij =
X

�;d

p
hi (�; d)

q
hj (�; d) (22)

The facetswhosehistograms give the best match are consideredas correspond-
ing facets. Thesepairs of corresponding facets are local correspondencesand each
corresponding pair is used as a hypothesis for the global correspondencebetween
the two surfacesSA and SB . A transformation that aligns a pair of corresponding
facetscan then be calculated. This transformation alsoprovidesa constraint on the
transformation that aligns the completesurfaces.The veri�cation of the hypothesis
for global correspondenceis performed using a probabilistic Hough Transform42.
The veri�cation processproceedsas follows. First, the cumulativ e error (due to
noiseand variations in sampling) is determined by statistically modeling the error
betweenthe true surfaceand the facets.This error is then propagated through the
estimated transformation and is then integrated into the Hough accumulator.

Since the number of corresponding pairs of facets are very large, only a small
proportion of 2-tuples corresponding to the largest paired facetsare selected.These



April 26, 2005 17:42 WSPC/INSTR UCTION FILE mian_ijsm_�nal

28 Ajmal Mian et al.

Fig. 14. (a) Geometric relationship between two facets t i and t j . (b) The corresponding entry in
the geometric histogram of t i (Fig. taken with permission from Ref. 1 c
 Springer-V erlag 1998).

2-tuples are used to estimate the rotation component of the transformation and
votes are placed in a 3D Hough transform. If a signi�can t peak is found, then 3-
tuples are selectedusing the samecriteria, to estimate the translational component
of the transformation. The transformation hypothesiswhich corresponds to a peak
in both the rotation and translation spacesis acceptedas the optimal transforma-
tion for aligning the two views.

6.4.2. Analysis

Geometric histogram matching is applicable to free-form objects. The algorithm
lacks details about how the transformation hypothesis veri�cation is exactly car-
ried out. Moreover, Hough transform is equivalent to an exhaustive search and is
thereforecomputationally expensive. E�ciency is gainedby consideringonly a pro-
portion of the 2-tuples with the largest paired facets. However, details were not
provided on the exact basison which this criterion was set. It is possiblethat the
best hypothesis for a transformation could be provided by a 2-tuple that doesnot
lie in the selectedproportion. The algorithm doesnot mention anything about the
re�nement of the registration results (using for instance an algorithm such as the
ICP4). From our experience,we have seenthat the registration achieved by match-
ing triangular meshesat low resolution (when a mesh simpli�cation algorithm is
used) is very crude and needsto be re�ned. Apart from thesedrawbacks, geometric
histogram matching is independent of the resolution and sampling of the model and
scenesurfaces.The algorithm also seemsto handle noise e�ectiv ely. The authors
however did not provide any proof to this e�ect. Moreover, this algorithm cannot
be usedfor multiview correspondencebetweenunordered views.

7. An Automatic 3D Mo deling Framew ork

Recently Huber and Hebert24;25 proposeda framework for automatic 3D modeling
claiming that the framework is capableof automatically generatinga 3D model of an
object from its unordered views. There are two phasesof the framework (as shown
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Fig. 15. Blo ck diagram of the automatic 3D modeling framework.

on the block diagram in Fig. 15), the local and the global phase.During the local
phase,surfacematching is performed on all pairs of views. Since the input views
are unorderedand a pairwise correspondencealgorithm is usedfor this purpose,the
algorithm must exhaustively search for correspondencesbetweenN (N � 1)=2 pairs
of views (Fig. 15(a)). Next, these matches are re�ned using pairwise registration
(Fig. 15(b)). The output of these steps is a graph G of relative pose estimates,
someof which may be incorrect. Each node in the graph G represents a view and
each arc represents the relative pose between its end nodes. A local consistency
test (Section 7.3) is then applied to �lter out the worst matches from this graph
resulting in another graph GLR (Fig. 15(c)). GLR only contains locally consistent
matches.However, someof thesematchesmay still be globally inconsistent.

During the global phase,a connectedsub-graph in GLR that contains only the
correct matches is sought. This phase comprises two di�eren t multiview surface
matching algorithms (Section 7.4). Each of these algorithms searches for a single
edgeat a time in GLR , basedon various local quality measures(Section 7.1) and
adds it to the model hypothesis sub-graph (Fig. 15(d)). Every time a new edgeis
addedto the model hypothesis,it is optimized through the simultaneousmultiview
registration algorithm (Fig. 15(e)). Next, the model hypothesis is tested for global
consistency(Fig. 15(f), Section7.3). If the newly addededgeis globally consistent,
it is acceptedotherwise it is rejected and another edgein the GLR is sought. This
processcontinuesuntil a stopping condition is met. The output of the global phase
is a model graph (which is a spanning treea) containing the absolute posesof all
the views as a possiblesolution.

The framework relies on o�-the-shelf algorithms for pairwise surface match-
ing, pairwise registration and simultaneous multiview registration (shaded blocks
of Fig. 15). A modi�ed version of the spin imagestechnique (Section 6.1) is used
for pairwise surface matching. However, any other automatic correspondenceal-
gorithm can be used e.g. the onesdiscussedin this paper. This modi�ed version

aA tree is a graph in which any two nodes are connected by exactly one path and a minim um
spanning tree is a minim um weight tree which includes all the nodes of the graph.
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builds spin images from the mesh faces instead of vertex points. The framework
usesNeughbauer's algorithm 31 for pairwise and simultaneous multiview registra-
tion. The surfacematching algorithm and the registration algorithm are modular
components in the framework and can be replacedby better techniques.

In this section, we shall concentrate on the remaining part of the 3D model-
ing framework (the unshadedblocks of Fig. 15). This framework de�nes local and
global quality measuresfor surface match veri�cation. Local consistency�ltering
(Fig. 15(c)) is performed on the basisof local quality measures.The global quality
measuresare usedby the multiview surfacematching algorithms for global consis-
tency test in order to �lter out globally inconsistent matches (Fig. 15(d) and (f )).
We shall �rst report the local and global quality measuresfollowed by the local
and global consistencytests. Finally, we will describe the two variants of multiview
surface matching algorithms which use these reported consistencytests to �nd a
solution model graph.

7.1. Local Quality Me asur es

The local quality measuresare used for pairwise surface match veri�cation and
�ltering. The behavior of the system is modeled for a given sensorand scenetype
by determining the statistical model of related training data. From thesestatistical
models,the probabilit y of a correct match is estimatedgivena vector of local quality
measures.The local quality measureof a match between surfacesSi and Sj with
relative poseTij is de�ned by the genericEqn. 23.

QL = log
�

P(xjM + )P(M + )
P(xjM � )P(M � )

�
(23)

In Eqn. 23, M + stands for a correct match and M � stands for an incorrect
match. The probabilit y distributions are estimated from labeled training data and
areapproximated usingGammadistributions. Three typesof local quality measures
are used. The �rst one is basedon overlap whereasthe remaining two are based
on visibilit y consistency. The local quality measuresare calculated as follows. Note
that wehaveuseddi�eren t abbreviations from Ref. 25 for the local quality measures
in order to make them more meaningful.

7.1.1. Overlap Quality Measure

This quality measureis based on the overlap fraction FOV and overlap distance
DOV (Eqn. 24). FOV is the maximum proportion of each surface that lies in the
overlapping region whereasD OV is the root mean squaredistance betweena set of
closestpoint pairs in the overlapping region.Thesevaluesarecomputedby sampling
K points each from the surfaceSi and Sj .

QL O V = log
�

P(DOV jM + )P(FOV jM + )P(M + )
P(DOV jM � )P(FOV jM � )P(M � )

�
(24)



April 26, 2005 17:42 WSPC/INSTR UCTION FILE mian_ijsm_�nal

Review of Automatic Corr espondence Techniques 31

7.1.2. Visibility Consistency-based Quality Measure

The quality measureswhich are basedon visibilit y consistencyare the freespacevi-
olation (F SV ) and the occupiedspaceviolation (OSV ). F SV occurswhen a region
of Sj blocks the visibilit y of Si from the sensor(Fig. 16(b)). An OSV occurs when
a region of Sj is not seenby the sensorwhereasit should have been (Fig. 16(c)).
Both these measuresare calculated twice. The �rst time by transforming surface
Si to the coordinate systemof Sj and, vice versa,the secondtime. Thesemeasures
are then added up. F SV can only occur due to an incorrect match. However, an
OSV can also occur in casesof correct matches.For example, a sensorcan miss a
point due to poor re
ection or self occlusion.

Two quality measuresare derived from the F SV . The �rst one F SVr aw uses
the raw depth di�erences in the overlapping regions. If D = D i;j (1); : : : ; D i;j (K )
constitutes the vector of depth di�erences betweenthe mergedsurfacesSi and Sj ,
then F SVr aw is de�ned by Eqn. 25.

QL F S V r aw = log

 Q K
k=1 P(D i;j (k)jM + )

Q K
k=1 P(D j;i (k)jM + )P(M + )

Q K
k=1 P(D i;j (k)jM � )

Q K
k=1 P(D j;i (k)jM � )P(M � )

!

(25)

The secondF SV quality measureis calculated in a similar manner to Eqn. 24
except that the distancesare now calculated along the line of sight of the sensor.
Two measuresare calculated, range overlap fraction FRO V (Eqn. 26) and F SV
distance DF SV (Eqn. 27).

FRO V =
AOV

A(Si )
(26)

DF SV =
s X

k2 K ij

wk (D i;j (k))2 (27)

In Eqn. 26, AOV is the visible overlapping area of the two surfacesand A(Si ) is
the visible surfacearea of Si . In Eqn. 27, the weight wk = Az (k)=AOV . The F SV
local quality measurefrom the viewpoint of sensori is calculated using Eqn. 28. A
similar quality measureis calculated from the viewpoint of sensorj and the results
are added up (Eqn. 29).

QL 1F S V (Si ; Sj ; Tij ) = log
�

P(DF SV jM + )P(FRO V jM + )P(M + )
P(DF SV jM � )P(FRO V jM � )P(M � )

�
(28)

QL F S V = QL 1F S V (Si ; Sj ; Tij ) + QL 1F S V (Sj ; Si ; Tj i ) (29)

The �nal quality measureis de�ned by incorporating the OSV into Eqn. 28.
Any pixel that is de�ned in one range image and is unde�ned in the other range
image is known as an OSV unless it falls outside the sensor'sviewing volume.
Although even correct matchesare expectedto havesomeOSV s, incorrect matches
generatemany more OSV s than the correct ones. An OSV based feature called
OSV fraction (FOSV ) is calculated using Eqn. 30. The F SV -OSV quality measure
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Fig. 16. (a) Both surfaces are close wherever they overlap (b) A case of FSV. Sj is violating
free space. (c) A case of OSV. Sj is violating open space. (Fig. reproduced with permission from
Ref. 25 c
 D. Hub er 2002).

from the viewpoint of sensori is given by Eqn. 32. A similar quality measureis
calculated from the viewpoint of sensorj and the two are added.

FOSV =
AOSV

AOV
(30)

AOSV =
X

k2 K O S V

Az (Sj ; k) (31)

QL 1F S V � O S V = log
�

P(DF SV jM + )P(FRO V jM + )P(FOSV jM + )P(M + )
P(DF SV jM � )P(FRO V jM � )P(FOSV jM � )P(M � )

�
(32)

In Eqn. 31, K OSV is the set of OSV pixels from range image R j and Az (Sj ; k) is
the z-bu�er depth value of pixel k in the z-bu�er for Sj .

7.2. Global Quality Me asur es

The global quality measureis de�ned as the sum of the local quality measuresof
all the views that are connected in the graph (Eqn. 33). The views may not be
adjacent.

QG1(G) =
X

( i;j )2 E c

QL (Vi ; Vj ; Tij ) (33)

Ec is the set of connectededgesin the graph. Each oneof the local quality mea-
sures(overlap, F SVr aw , F SV and F SV-OSV ) has a corresponding \ sum-local "
global quality measure.The statistical quality model used for local quality mea-
sure cannot be applied in this casebecauseof varying path lengths. Therefore, a
separatestatistical model is learned for each path length. Moreover, sincethe prior
probabilities P(M + ) and P(M � ) can no longer be estimated from the data, they
are set to 0.5 each.

The e�ects of topological inference(seeFig. 15(d)) and multiview registration on
the statistical model are also taken into account. Topological inferenceestablishes
new links in the model graph, thereby shortening the path lengths between non-
adjacent views. Thesenew links are usedby multiview registration to improve the
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alignment of all the views. A secondglobal quality measureis also de�ned based
on a point-to-p oint multiview registration cost function (Eqn. 34).

QG2(G) = �
X

( i;j )2 Vc

X

k

((dij k )2 � �E [(dij k )2]) (34)

In Eqn. 34, dij k is the distancebetweenthe kth correspondenceand E[(dij k )] is the
expectedvalue of this distancewhich dependsupon the sensorused.It is estimated
from multiview registration of a set of training valuesthat are known to be correct.
� � 1 is a weighing parameter.

7.3. Local and Global Consistency Tests

For each quality measurea local consistencytest is de�ned by Eqn. 35 (where � is
a user de�ned threshold). The local consistencytest is used to �lter out matches
that are of very low quality giving out a model graph GLR . Similarly, the global
consistencytest CG (G) for a model graph G is de�ned by Eqn. 36.

CL = true if QL > log�

= false otherwise (35)

CG (G) = true if 8( i;j )2 E c CL (Vi ; Vj ; Tij ) = true

= false otherwise (36)

7.4. Multiview Surfac e Matching

Multiview surfacematching is performed during the global phase(Fig. 15(d), (e)
and (f )). Two di�eren t approachesare usedto �nd the best model hypothesisfrom
the graph GLR , iterativ e addition algorithm and the iterativ e swapping algorithm.
The iterativ e addition algorithm starts with the model graph containing only nodes
and no edgesand constructs a minimum spanning tree using the local quality
measures.The spanning tree is built with the Krushkal's algorithm or the Prim's
algorithm 11. Once initialized with the best edge, both these algorithms connect
edgesbased on the local and global consistency measures.The major di�erence
betweenthe two is that the former considersboth adjacent and non-adjacent edges
whereasthe latter only considersadjacent edges.

The iterativ e swapping algorithm usesthe global quality measureof Eqn. 36 to
search for the bestmodel hypothesisin GLR . It usesan additional edgecalledvisibil-
it y. Hidden edgesindicate division betweenparts. The algorithm beginsby choosing
a globally consistent model hypothesiswhich is a spanning tree. Any spanning tree
can be chosenby initially labeling all the edgesas hidden. However, a better ap-
proach was reported that usesthe output of the iterativ e addition algorithm as an
input hypothesis for the swapping algorithm.

At each iteration, the swapping algorithm performseither an edge
ip or an edge
swap. Edge 
ip choosesan edgeand inverts its visibilit y state. Edge swap removes
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an existing edgefrom the hypothesis and adds another one (with visibilit y set to
true) which re-establishesthe spanning tree. Topological inference is used to �nd
all overlaps and simultaneous multiview registration is applied to this augmented
graph. The graph is tested for global consistencyas explained in Section 7.3 and if
it is globally consistent, its global quality measureis computed. If the new global
quality measureis better, the change(edge
ip or swap) is acceptedotherwise it is
rejected.

Two approaches can be applied to edge selection for 
ip or swap operation.
The �rst approach is greedy edgeswapping which tries all edge
ips �rst followed
by all edgeswaps until no improvement can be found. This approach quickly gets
out of control for larger graphs. The secondapproach is a better one and uses
stochastic techniques to choosebetween 
ip or swap operations as well as which
edgesto operate upon. Edgescan be selectedwith uniform randomnessor using
edge weights based upon edge quality. Moreover, simulated annealing is used in
order to avoid local minima. With simulated annealing, an update (edge 
ip or
swap) may be acceptedeven though it decreasesthe global quality measure.The
probabilit y of accepting such an update is a function of the amount of change in
quality and the \temp erature" T . Initially a large T is selectedwhich is reduced
over time according to a \co oling schedule" (seeRef. 24 for more details).

7.5. A nalysis

This framework is applicable to free-form objects. However, it requires an o�-the-
shelfautomatic pairwise correspondencealgorithm for initialization. This algorithm
must exhaustively �nd correspondencesbetweenN (N � 1)=2 pairs of views which
hasa complexity of O(N 2) (N is the total number of views). The computational cost
resulting from this exhaustive search, is an extra overheadto the remaining compu-
tational cost of the framework. The number of possibleedgesE in the initial graph
is O(N 2) and the complexity of the iterativ e addition algorithm is O(EN 3). This
makes the computational complexity of the iterativ e addition algorithm O(N 5).
For better results, the author suggeststhat a weighted random swap algorithm be
initialized with the output of iterativ e addition algorithm. This would make the
processeven more computationally expensive.

Moreover, the multiview surface matching algorithms (iterativ e addition and
iterativ e swapping) of this framework are not equivalent to a multiview correspon-
dencealgorithm accordingto our de�nition (Section 1). Thesealgorithms search for
discreteedges(pairwise correspondences)in the graph GLR and then verify them af-
ter global registration. This contradicts our de�nition of multiview correspondence
i.e. a single view should be simultaneously matched with multiple views.

Another limitation of the framework is that it requiresa learning stagein which
the behavior of the system is modeled with training data. The training data must
be in accordancewith the actual scenebeing modeled e.g. modeling terrains will
require training data of terrains and small indoor objects will require training data
of small objects. Moreover, the same sensorused for the training data must be
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usedfor the actual scene.Thesefactors limit the applicabilit y of the systemas the
learning processhasto be repeatedeach time the type of sceneor the sensorusedis
changed.Sometimesit is required to register views acquired with di�eren t sensors.
In such cases,it will not be possibleto train the system if all the sensorsare not
available during the modeling phase.

Apart from these limitations, the framework is independent of the resolution
of the views and surfacesampling as long as it usesa surfacematching algorithm
instead of a point matching algorithm. The framework is also robust to noisesince
it usesa probabilistic approach to derive its quality measures.The accuracy of
the algorithm dependsupon its modular components. Any error in thesemodules,
particularly the initialization of the graph and the registration, will propagate to
the �nal stageof the modeling.

8. Conclusion

In this paper, we deviseda taxonomy of automatic correspondencetechniques.An
extensive review of some of the most important automatic correspondencetech-
niquesbelonging to each category in our taxonomy wasalso presented. Thesetech-
niqueswereanalyzedaccordingto a set of important and practical criteria. Table 1
summarizesthe results of our analysis.Our analysisshowsthat noneof the available
automatic correspondencetechniques fully meets these important criteria (seeTa-
ble 1), which limits their practical applicabilit y. Note that noneof thesealgorithms
can be applied to solve the multiview correspondenceproblem betweenunordered
views. Although the framework discussedin Section 7 is claimed to have the ca-
pabilit y of automatically generating 3D models from unordered views, it makesan
exhaustive search for correspondencesbetweenthe unorderedviewsending up to be
computationally expensive. This review concludesthat there is still room for work
in this areaand the needfor an automatic correspondencetechnique that meetsall
our speci�cations in order to make the processof 3D modeling e�cien t and fully
automatic.

As it is not possible to cover all automatic correspondencetechniques in our
survey, a list of additional techniques is provided for completeness.Krsek et al.28

used di�eren tial invariants for the automatic identi�cation of correspondencesbe-
tweenoverlapping views. Godin et al.18 demonstrated the automatic registration of
rotationally symmetric objects basedon the distribution of colour patterns. Similar
work was performed by Wyngaerd and Gool44 who used invariant texture regions
for automatic registration of symmetric objects. Silva et al.39 useda novel Surface
Interpenetration Measure (SIM) for automatic registration of range images with
small overlaps. It is also worthwhile to mention that pairwise registration re�ne-
ment techniquessuch asRef. 4,7 and simultaneousmultiview registration re�nement
techniquessuch asRef. 32,33,38assumethat the viewsarecoarselyregistered.These
techniquesare not fully automatic and therefore outside the scope of our survey.
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Table 1. Analysis of Automatic Correspondence Techniques.
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