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Abstract

In recentyears waveletshrinkage denoisinghasbecome
themethodof choicefor thedenoisingof images.However,
despitemuch research a numberof questionsremain.
- Which of themanywaveletsthatexist shouldoneuse?
- Howshouldthethresholdbeset?and
- Howarefeaturesin theimageaffectedbythethresholding
operation?
This paper explores theseissuesand arguesfor the use
of non-orthogonal, complex valued, log-Gabor wavelets,
rather than the more usual orthogonal or bi-orthogonal
wavelets.Thresholdingof waveletresponsesin thecomplex
domainallows one to ensure that perceptually important
phaseinformationin the image is not corrupted. It is also
shownhowappropriatethresholdvaluescanbedetermined
automaticallyfromthestatisticsof thewaveletresponsesto
theimage.

1. Intr oduction

Denoisingof imagesis typically donewith thefollowing
process:Theimageis transformedinto somedomainwhere
thenoisecomponentis moreeasilyidenti£ed,a threshold-
ing operationis thenappliedto removethenoise,and£nally
the transformationis invertedto reconstructa (hopefully)
noise-freeimage.

Thewavelet transformhasproved to bevery successful
in makingsignalandnoisecomponentsof the signaldis-
tinct. As waveletshave compactsupportthe wavelet co-
ef£cientsresultingfrom the signal are localised, whereas
the coef£cientsresultingfrom noisein the signalaredis-
tributed. Thustheenergy from thesignalis directedinto a
limited numberof coef£cientswhich `standout' from the
noise.Waveletshrinkagedenoisingthenconsistsof identi-
fying themagnitudeof waveletcoef£cientsonecanexpect
from thenoise(thethreshold),andthenshrinkingthemag-
nitudesof all thecoef£cientsby thisamount.Whatremains

of thecoef£cientsshouldbevalid signaldata,andthetrans-
form canthenbe invertedto reconstructanestimateof the
signal[4, 3, 1].

Wavelet denoisinghas concentratedon the use of or-
thogonalor bi-orthogonalwaveletsbecauseof their recon-
structivequalities.However, noparticularwavelethasbeen
identi£edasbeingthe `best' for denoising.It is generally
agreedthat waveletshaving a linear-phase,or nearlinear-
phase,responsearedesirable,andthis hasled to theuseof
the`symlet' seriesof waveletsandbi-orthogonalwavelets.

A problemwith wavelet shrinkagedenoisingis that the
discretewavelet transformis not translationinvariant. If
the signalis displacedby onedatapoint the wavelet coef-
£cientsdo not simply move by thesameamount.They are
completelydifferentbecausethereis no redundancy in the
waveletrepresentation.Thus,theshapeof thereconstructed
signalafterwaveletshrinkageandtransforminversionwill
dependon the translationof the signal- clearly this is not
verysatisfactory. To overcomethis translationinvariantde-
noisinghasbeendevised[1]. This involvesaveragingthe
waveletshrinkagedenoisingresultoverall possibletransla-
tionsof thesignal.This producesvery pleasingresultsand
overcomespseudo-Gibbsphenomenathat is often seenin
thebasicwaveletshrinkagedenoisingscheme.

The criteria for quality of the reconstructednoise-free
imagehasgenerallybeentheRMS error - thoughDonoho
suggestsa sideconditionthat the reconstructed(denoised)
signalshouldbe,with high probability, asleastassmooth
astheoriginal (noisefree)signal.

While theuseof theRMSerrorin reconstructing1D sig-
nalsmaybereasonable,theuseof theRMSmeasurefor im-
agecomparisonhasbeencriticised[2, 10]. Almost without
exceptionimagesexist solely for the bene£tof the human
visualsystem.Thereforeany metricthatis usedfor evaluat-
ing thequalityof imagereconstructionmusthaverelevance
to our visual perceptionsystem.The RMS error certainly
doesnot necessarilygive a good guide to the perceptual
quality of an imagereconstruction.For example,displac-
ing an imagea small amount,or offsettinggrey levels by



a small amount,will have negligible perceptualeffect, but
will inducea largeRMSerror.

As yet no metric that matcheshumanvisual perception
hasbeendevised.However, onequantitythatappearsto be
very importantin thehumanperceptionof imagesis phase.
The classicdemonstrationof the importanceof phasewas
devisedby OppenheimandLim [9]. They took theFourier
transformsof two imagesandusedthe phaseinformation
from oneimageandthemagnitudeinformationof theother
to constructa new, syntheticFourier transformwhich was
thenback-transformedto producea new image. The fea-
turesseenin suchan image,while somewhat scrambled,
clearly correspondto thosein the imagefrom which the
phasedatawasobtained.Little evidence,if any, from the
other imagecanbe perceived. A demonstrationof this is
repeatedherein Figure1.
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Figure 1. When phase inf ormation from one
image is combined with magnitude inf orma-
tion of another it is phase inf ormation that
prevails.

While phaseis not the only quantity important to our
perceptionof imagesit would seemthatan importantcon-
straint that shouldbe satis£edby any imageenhancement
process,suchasdenoising,is that it shouldnot corruptthe
phaseinformationin animage

2. PhasePreserving Denoising

To be able to preserve the phasedatain an imagewe
have to £rstextract thelocal phaseandamplitudeinforma-
tion at eachpoint in theimage.This canbedoneby apply-
ing (a discreteimplementationof) the continuouswavelet
transformand using wavelets that are in symmetric/anti-
symmetricpairs. Here we follow the approachof Mor-
let, that is, using waveletsbasedon complex valuedGa-
bor functions- sineandcosinewaves,eachmodulatedby a
Gaussian[8]. Usingtwo £ltersin quadratureenablesoneto
calculatetheamplitudeandphaseof thesignalfor a partic-
ular scale/frequency atagivenspatiallocation.

However, ratherthanusingGabor£lterswepreferto use
log Gaborfunctionsassuggestedby Field [5]; theseare£l-
tershaving aGaussiantransferfunctionwhenviewedonthe
logarithmic frequency scale. Log Gabor£ltersallow arbi-
trarily large bandwidth£lters to be constructedwhile still

maintaininga zeroDC componentin the even-symmetric
£lter. A zeroDC valuecannotbemaintainedin Gaborfunc-
tions for bandwidthsover 1 octave. It is of interestto note
thatthespatialextentof log Gabor£ltersappearsto bemin-
imizedwhenthey areconstructedwith a bandwidthof ap-
proximatelytwo octaves[7, 6]. Thiswouldappearto beop-
timal for denoisingasthis will minimisethespatialspread
of wavelet responseto signal features,andhenceconcen-
trateasmuchsignalenergy aspossibleinto a limited num-
berof coef£cients.

Figure 2. Even and odd log Gabor wavelets,
each having a band width of two octa ves.

Analysisof asignalisdonebyconvolving thesignalwith
eachof thequadraturepairsof wavelets.If we let I denote
thesignalandM e

n andM o
n denotetheeven-symmetricand

odd-symmetricwaveletsat a scalen we can think of the
responsesof eachquadraturepair of £ltersasforming a re-
sponsevector,

[ en (x); on (x) ] = [ I (x) ¤ M e
n ; I (x) ¤ M o

n ] :

The valuesen (x) andon (x) canbe thoughtof asreal and
imaginarypartsof complex valuedfrequency component.
The amplitudeof the transformat a given wavelet scaleis
givenby

An (x) =
p

en (x)2 + on (x)2

andthephaseis givenby

©n (x) = atan2(on (x); en (x)) :

At eachpoint x in a signalwe will have an arrayof these
responsevectors,onevectorfor eachscaleof £lter. These
responsevectorsform thebasisof our localizedrepresenta-
tion of thesignalasshown in Figure3.

In this domain the denoisingprocessconsistsof de-
termining a noise thresholdat eachscaleand shrinking
themagnitudesof the£lter responsevectorsappropriately,
while leaving thephaseunchanged.

It should be noted that shrinkageof complex-valued
wavelet responsevectorsis not the sameas shrinkageof
real-valued discretewavelet responses. In the proposed
phasepreservingschemesomecomponentof theeven£lter
responsewill alwaysbe retained(even if it is very small)
aslong astheodd£lter responseis suchthat the total am-
plitude exceedsthe noisethreshold. This shouldbe com-
paredto the casefor real-valueddiscretewaveletswhere
a responsewill only be retainedif the magnitudeexceeds
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Figure 3. An array of £lter response vector s
at a point in a signal can be represented as a
series of vector s radiating out from the fre-
quenc y axis. The amplitude speci£es the
length of each vector and the phase speci£es
its angle . Note that wavelet £lter s are scaled
geometricall y, hence their centre frequencies
vary accor dingl y.
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Figure 4. View along the frequenc y axis il-
lustrating the shrinka ge of comple x-valued
wavelet response vector s.

the thresholdbecausethe shrinkageprocessis constrained
to operateonly on the real axis. Note also that applying
shrinkageonly alongtherealaxiswill corruptphaseinfor-
mationasthe imaginarycomponentwill be ignoredin de-
ciding how mucha wavelet componentshouldbe shrunk.
It is worth noting that theaveragingprocessin translation-
invariantdenoisingmayachieve a similar resultto thepro-
posedphasepreservingalgorithm.

Having shrunk the complex-valued wavelet response
vectorsanestimateof thesignalcanthenbereconstructed
by summingtheremainingeven-symmetric£lter responses
over all scalesandorientations.However, therearesome
issuesin thereconstructionof thedenoisedimagefrom the
shrunkresponsevectors.Complex valuedlog Gabor£lters
donotform anorthogonalbasisset.Thismeansthatthesig-
nal canonly bereconstructedover therangeof frequencies
coveredby the£lters,andthatthesignalcanonly berecon-
structedup to a scalefactor. Thus to achieve satisfactory

reconstructionthedesignof thewavelet£lter bankmustbe
suchthatthetransferfunctionsof all the£ltersoverlapsuf-
£cientlysothattheir sumresultsin anevencoverageof the
spectrum.In the2D frequency planethe£lter transferfunc-
tionsappearas2D log Gaussians.Thesecanbearrangedin
a `rosette'to ensureuniformcoverageof thespectrum.Un-
der this arrangementit is dif£cult to have £ltersthatcover
thevery low frequenciesin the image.However, perceptu-
ally thisdoesnotappearto beveryimportant.Similarly, the
lack of anabsolutescalein thereconstructedgrey levels is
not importantperceptually.

3. Determining the Thr eshold

The mostcrucial parameterin the denoisingprocessis
the threshold. While many techniqueshave beendevel-
oped[4, 3] nonehave proved very satisfactory. Here we
developanautomaticthresholdingscheme.

Firstwemustlook at theexpectedresponseof the£lters
to apurenoisesignal.If thesignalis purelyGaussianwhite
noisethepositionsof theresultingresponsevectorsfrom a
waveletquadraturepair of £ltersat somescalewill form a
2D Gaussiandistribution in the complex plane. What we
areinterestedin is thedistribution of themagnitudeof the
responsevectors.Thiswill beaRayleighdistribution

R(x) =
x
¾2

g
e

¡ x 2

2¾2
g ;

where¾2
g is the varianceof the 2D Gaussiandistribution

describingthepositionof the£lter responsevectors.
Themeanof theRayleighdistribution is givenby

¹ r = ¾g

r
¼
2

;

andthevarianceis

¾2
r =

4 ¡ ¼
2

¾2
g :

Thepoint to noteis thatonly oneparameteris requiredto
describethe distribution; given ¹ r onecandetermine¾r ,
andvice-versa.If we candeterminethenoiseresponsedis-
tribution at each£lter scalewe could then set the noise
shrinkagethresholdat eachscaleto be somenumberof
standarddeviationsbeyondthemeanof thedistribution

T = ¹ r + k¾r ;

wherek is typically in therange2 – 3.
How canwedeterminethenoiseamplitudedistribution?

The smallestscale£lter hasthe largestbandwidth,andas
suchwill give thestrongestnoiseresponse.Only at feature
pointswill the responsediffer from the backgroundnoise
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Figure 5. Rayleigh distrib ution with a mean of
one .

response,but theregionswhereit will berespondingto fea-
tureswill besmalldueto thesmallspatialextentof the£lter.
Thusthesmallestscalewaveletquadraturepair will spend
mostof their timeonly respondingto noise.

Thus,thedistributionof theamplituderesponsefrom the
smallestscale£lterpairacrossthewholeimagewill bepri-
marily thenoisedistribution,thatis, aRayleighdistribution
with somecontaminationasa resultof the responseof the
£ltersto featurepointsin theimage.

We canobtaina robustestimateof themeanof theam-
plitude responseof the smallestscale£lter via the median
response.Themedianof aRayleighdistributionis thevalue
x suchthat Z x

0

x
¾2

g
e

¡ x 2

2¾g =
1
2

) median = ¾g

p
¡ 2 ln(1=2) :

Noting thatthemeanof theRayleighdistribution is ¾g
p ¼

2
we obtaintheexpectedvalueof theamplituderesponseof
thesmallestscale£lter (theestimateof themean)

E(AN ) =
¾g

p
¼=2

¾g
p

¡ 2 ln(1=2)
: median

=
1
2

r
¡ ¼

ln(1=2)
: median ;

whereN is the index of the smallestscale£lter. Given
that ¾g = E(A N )p

¼=2
we canthenestimate¹ r and¾r for the

noiseresponsefor the smallestscale£lter pair, andhence
theshrinkagethreshold.

We canestimatetheappropriateshrinkagethresholdsto
useat the other£lter scalesif we make the following ob-
servation: If it is assumedthat the noisespectrumis uni-
form thenthewaveletswill gatherenergy from thenoiseas
a function of their bandwidthwhich, in turn, is a function
of their centrefrequency. For 1D signalstheamplitudere-
sponsewill be proportionalto the squareroot of the £lter

centrefrequency. In 2D imagestheamplituderesponsewill
bedirectlyproportionalto the£lter centrefrequency.
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W2 W3

A
2

A

w

noise power spectrum

wavelet 3
w

wavelet 2wavelet 1
frequency band

W1 log

Figure 6. If the noise spectrum is unif orm the
response of a wavelet to the noise will be a
function of its band width.

Thushaving obtainedanestimateof thenoiseamplitude
distribution for thesmallestscale£lter pair we cansimply
scalethis appropriatelyto form estimatesof thenoiseam-
plitude distributionsat all the otherscales.This approach
provesto be very successfulin allowing shrinkagethresh-
oldsto besetautomaticallyfrom thestatisticsof thesmall-
estscale£lter responseover thewholeimage.

4. Results

Figure7 shows a synthetictest imagewith grey values
rangingbetween0 and255. Gaussianwhite noisewith a
standarddeviation of 80 grey levels wasaddedto the im-
age.Theresultof applyingthephasepreservingdenoising
algorithmto theimage(usingak valueof 2 tosetthethresh-
old) is shown alongwith the resultobtainedby applyinga
standarddiscretewaveletdenoisingscheme(theMATLAB
wdencmp functionusingthe`symlet8'waveletandaman-
ually derivedthresholdof 60).

Figure8 shows the1D sectionsat row 150(out of 256)
on eachof the four imagesshown in Figure 7. Note the
vertical scalefor the plot of the phasepreserved denoised
imagedoesnot matchthat for the original image. The re-
constructionfrom the complex-valuedlog Gaborwavelets
cannotcover thevery low, andzerofrequency, components
of the signal. Also the signalcanonly be recoveredup to
a scalefactor. Despitethis the shapeof the reconstructed
signal is very good. A major part of the successof the
seeminglyastonishingreconstructionis dueto thefact that
thedenoisingprocessis takingplacein 2D. Thereconstruc-
tion of row 150in theimagemakesuseof informationfrom
above andbelow thatrow. Sucha resultwould not bepos-
sibleworkingsolelyin 1D.

Figure9 shows the phasepreservingdenoisingprocess
appliedto apoorqualitysurveillanceimageof ahold-up.It
shouldbenotedthatvideoimagesconsistof two interlaced
images.If thereis any motion(therewasasmallamountin
this image)theinterlacingwill resultin `toothcomb' edges
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Figure 7. Denoising of a test image

aroundobjects.To overcomethis theindividual imagesthat
make up thevideoframecanbeobtainedby extractingjust
theeven,or just theodd,numberedscanlinesfrom theim-
ageprior to denoising.

5. Conclusion

We have presenteda new denoisingalgorithm, based
on the decompositionof a signal using complex-valued
wavelets. This algorithm preserves the perceptuallyim-
portant phaseinformation in the signal. In conjunction
with this a methodhasbeendevised to automaticallyde-
terminethe appropriatewavelet shrinkagethresholdsfrom
thestatisticsof theamplituderesponseof thesmallestscale
£lter pair over the image. The automaticdeterminationof
thresholdsovercomesa problemthat hasplaguedwavelet
denoisingschemesin thepast.

The RMS measureis not always the most appropriate
metricto usein thedevelopmentof imageprocessingalgo-
rithms. Indeedit couldbearguedthatmoretime shouldbe
spentoptimising the choiceof the optimisationcriteria in
general.For imagesit wouldappearthatthepreservationof
phasedatais important,thoughof course,otherfactorsmust
alsobe important.Thedenoisingalgorithmpresentedhere

0

200

400
row 150

0

200

400
noisy row 150

0

200

400
denoised with symlet8 wavelet

0 50 100 150 200 250

-200

0

200

denoised with phase preserved

Figure 8. Section along row 150 in the test im-
age

doesnot seekto do any optimisation,it hasmerely been
constructedsoasto satisfytheconstraint thatphaseshould
not be corrupted. Given that it satis£esthis constraint,it
shouldbe possibleto develop it further so that it doesin-
corporatesomeoptimisation,say, the minimisationof the
distortionof thesignal's amplitudespectrum.Whatshould
alsobeinvestigatedis thepossiblerelationshipbetweenthis
phasepreservingalgorithmandtranslationinvariantdenois-
ing.
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