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Abstract

In recentyeais waveletshrinkage denoisinghasbecome
the methodof choicefor the denoisingof images. However,
despitemud reseach a numberof questiongemain.

- Whidh of the manywaveletghat exist shouldoneuse?

- How shouldthethresholdbe set?and

- Howarefeatuesin theimage affectedby thethresholding
opefmation?

This paper explores theseissuesand arguesfor the use
of non-orthgonal, comple valued, log-Gabor wavelets,
rather than the more usual orthogonal or bi-orthogonal

wavelets Thresholdingof waveletresponse thecomple

domainallows one to ensue that perceptuallyimportant
phaseinformationin theimage is not corrupted. It is also

shownhowappropriatethresholdvaluescanbedetermined
automaticallyfromthe statisticsof thewaveletresponseto

theimage.

1. Intr oduction

Denoisingof imagess typically donewith thefollowing
processTheimageis transformednto somedomainwhere
the noisecomponenis moreeasilyidenti£ed,a threshold-
ing operatioris thenappliedto remove thenoise,and£nally
the transformationis invertedto reconstructa (hopefully)
noise-freemage.

The wavelettransformhasprovedto be very successful
in making signaland noisecomponentf the signal dis-
tinct. As waveletshave compactsupportthe wavelet co-
efEcientsresultingfrom the signal are localised whereas
the coeEcientsresultingfrom noisein the signal are dis-
tributed Thusthe enegy from the signalis directedinto a
limited numberof coeEcientswhich “standout' from the
noise. Waveletshrinkagedenoisingthenconsistsof identi-
fying the magnitudeof wavelet coeEcientsonecanexpect
from the noise(the threshold) andthenshrinkingthe mag-
nitudesof all thecoeEcientsby thisamount.Whatremains

of thecoeEcientsshouldbevalid signaldata,andthetrans-
form canthenbe invertedto reconstrucein estimateof the
signal[4, 3, 1].

Wavelet denoisinghas concentratecbn the use of or-
thogonalor bi-orthogonalwaveletsbecausef their recon-
structive qualities.However, no particularwavelethasbeen
identifedasbeingthe “best' for denoising. It is generally
agreedthat waveletshaving a linearphase,or nearlinear
phaseresponsaredesirableandthis hasled to the useof
the “symlet' seriesof waveletsandbi-orthogonalwavelets.

A problemwith wavelet shrinkagedenoisingis thatthe
discretewavelet transformis not translationinvariant. If
the signalis displacedby one datapoint the wavelet coef-
£cientsdo not simply move by the sameamount.They are
completelydifferentbecausehereis no redundang in the
waveletrepresentationThus,theshapeof thereconstructed
signalafter wavelet shrinkageandtransforminversionwill
dependon the translationof the signal- clearly this is not
very satishictory To overcomethis translationinvariantde-
noising hasbeendevised[1]. This involvesaveragingthe
waveletshrinkagedenoisingresultover all possibletransla-
tions of the signal. This producesvery pleasingresultsand
overcomegpseudo-Gibbgphenomenahat is often seenin
thebasicwaveletshrinkagedenoisingscheme.

The criteria for quality of the reconstructedoise-free
imagehasgenerallybeenthe RMS error - thoughDonoho
suggests side conditionthat the reconstructeddenoised)
signalshouldbe, with high probability, asleastassmooth
astheoriginal (noisefree)signal.

While theuseof theRMS errorin reconstructind D sig-
nalsmaybereasonableheuseof theRMS measurdor im-
agecomparisorhasbeencriticised[2, 10]. AlImostwithout
exceptionimagesexist solely for the bene£tof the human
visualsystem.Thereforeary metricthatis usedfor evaluat-
ing the quality of imagereconstructioomusthave relevance
to our visual perceptionsystem. The RMS error certainly
doesnot necessarilygive a good guide to the perceptual
guality of animagereconstruction.For example,displac-
ing animagea small amount,or offsetting grey levels by



a smallamount,will have neggligible perceptuakffect, but
will inducealarge RMS error.

As yet no metric that matcheshumanvisual perception
hasbeendevised. However, onequantitythatappeardo be
very importantin the humanperceptiorof imagess phase.
The classicdemonstratiorof the importanceof phasewas
devisedby OppenheimandLim [9]. They took the Fourier
transformsof two imagesand usedthe phaseinformation
from oneimageandthe magnitudeénformationof the other
to constructa new, syntheticFourier transformwhich was
thenback-transformedo producea nen image. The fea-
turesseenin suchan image, while someavhat scrambled,
clearly correspondo thosein the image from which the
phasedatawasobtained. Little evidence,if ary, from the
otherimagecanbe perceved. A demonstratiorof this is
repeatecherein Figurel.

Phase *+ | Amplitude = Phase

Figure 1. When phase information from one
image is combined with magnitude informa-
tion of another it is phase information that
prevails.

While phaseis not the only quantity importantto our
perceptiornof imagesit would seemthatanimportantcon-
straintthat shouldbe satisEedby ary imageenhancement
processsuchasdenoising;s thatit shouldnot corruptthe
phasenformationin animage

2. PhasePresewing Denoising

To be able to presere the phasedatain animagewe
have to £rstextractthelocal phaseandamplitudeinforma-
tion at eachpointin theimage. This canbe doneby apply-
ing (a discreteimplementationof) the continuouswavelet
transformand using wavelets that are in symmetric/anti-
symmetricpairs. Here we follow the approachof Mor-
let, thatis, using waveletsbasedon complex valued Ga-
borfunctions- sineandcosinewaves,eachmodulatedoy a
Gaussiarni8]. Usingtwo £ltersin quadratureenableneto
calculatethe amplitudeandphaseof the signalfor a partic-
ular scale/frequencat a givenspatiallocation.

However, ratherthanusingGabor£lterswe preferto use
log Gaborfunctionsassuggestethy Field [5]; theseare£l-
tershaving aGaussiartransferfunctionwhenviewedonthe
logarithmic frequeng scale. Log Gabor£ltersallow arbi-
trarily large bandwidth£Iltersto be constructedwhile still

maintaininga zero DC componentn the even-symmetric
£lter. A zeroDC valuecannothemaintainedn Gaborfunc-
tionsfor bandwidthsover 1 octave. It is of interestto note
thatthespatialextentof log Gabor£ltersappearso bemin-
imized whenthey are constructedvith a bandwidthof ap-
proximatelytwo octaves[7, 6]. Thiswouldappeato beop-
timal for denoisingasthis will minimisethe spatialspread
of wavelet responsdo signalfeatures,and henceconcen-
trateasmuchsignalenegy aspossibleinto a limited num-
berof coeEcients.

-

Figure 2. Even and odd log Gabor wavelets,
each having a bandwidth of two octaves.

Analysisof asignalis doneby convolving thesignalwith
eachof the quadraturgairsof wavelets.If welet| denote
thesignalandM § andM 2 denotethe even-symmetriand
odd-symmetriowaveletsat a scalen we canthink of the
responsesf eachquadraturgoair of £ltersasforming are-
sponsevector

[en(X)ion(Xx) 1= [1(x) aMzi 1 (x)aM 7]

The valuese, (x) ando, (x) canbethoughtof asrealand
imaginarypartsof compl valuedfrequeng component.
The amplitudeof the transformat a given wavelet scaleis
givenby

An() = © & ()2 + 0n (X)2

andthe phasds givenby
©n(x) = atan2(on (X); en(x)):

At eachpoint x in a signalwe will have anarrayof these
responsevectors,onevectorfor eachscaleof £Iter. These
responseectorsform thebasisof ourlocalizedrepresenta-
tion of the signalasshawn in Figure3.

In this domain the denoisingprocessconsistsof de-
termining a noise thresholdat eachscale and shrinking
the magnitudef the £lter responsevectorsappropriately
while leaving the phaseunchanged.

It should be noted that shrinkageof comple-valued
wavelet responsevectorsis not the sameas shrinkageof
real-\alued discretewavelet responses. In the proposed
phasepreservingschemesomecomponenbf theeven£lter
responsewill alwaysbe retained(evenif it is very small)
aslong asthe odd £lter responses suchthatthe total am-
plitude exceedsthe noisethreshold. This shouldbe com-
paredto the casefor real-valueddiscretewaveletswhere
aresponsewill only be retainedif the magnitudeexceeds
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Figure 3. An array of £lter response vector s
at a point in a signal can be represented as a
series of vector s radiating out from the fre-
guency axis. The amplitude specifes the
length of each vector and the phase specifes
its angle. Note that wavelet £lters are scaled
geometricall y, hence their centre frequencies
vary accor dingl y.
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Figure 4. View along the frequency axis il-
lustrating the shrinka ge of comple x-valued
wavelet response vector s.

the thresholdbecausehe shrinkageprocesss constrained
to operateonly on the real axis. Note alsothat applying
shrinkageonly alongtherealaxiswill corruptphasenfor-
mationasthe imaginarycomponenwill beignoredin de-
ciding how mucha wavelet componentshouldbe shrunk.
It is worth noting thatthe averagingprocessn translation-
invariantdenoisingmay achieve a similar resultto the pro-
posedphasepreservingalgorithm.

Having shrunk the comple-valued wavelet response
vectorsan estimateof the signalcanthenbe reconstructed
by summingtheremainingeven-symmetricElter responses
over all scalesand orientations. However, thereare some
issuedn thereconstructiorof the denoisedmagefrom the
shrunkresponserectors.Comple valuedlog Gabor£lters
donotform anorthogonabasisset. Thismeanghatthesig-
nal canonly bereconstructeaver the rangeof frequencies
coveredby the£lters,andthatthe signalcanonly berecon-
structedup to a scalefactor Thusto achieve satishctory

reconstructiorthe designof thewavelet£lter bankmustbe
suchthatthetransferfunctionsof all the £ltersoverlapsuf-
Eciently sothattheir sumresultsin anevencoverageof the
spectrumln the2D frequeng planethe£ltertransferfunc-
tionsappeaas2D log GaussiansThesecanbearrangedn
a ‘rosette'to ensurauniform coverageof thespectrumUn-
derthis arrangemenit is difEcult to have £ltersthat cover
thevery low frequenciesn theimage. However, perceptu-
ally thisdoesnotappeato beveryimportant.Similarly, the
lack of anabsolutescalein the reconstructedyrey levelsis
notimportantperceptually

3. Determining the Threshold

The mostcrucial parametein the denoisingprocesss
the threshold. While mary techniqueshave beendevel-
oped[4, 3] nonehave proved very satisctory Herewe
developanautomatichresholdingscheme.

Firstwe mustlook atthe expectedrespons®f the£lters
to apurenoisesignal.|If thesignalis purelyGaussiamwhite
noisethe positionsof the resultingresponsevectorsfrom a
wavelet quadraturepair of £ltersat somescalewill form a
2D Gaussiardistribution in the comple plane. What we
areinterestedn is the distribution of the magnitudeof the
responseectors.Thiswill bea Rayleighdistribution

D x2
R(x) = %elﬁ‘aZ :
where 3/5 is the varianceof the 2D Gaussiardistribution
describingthe positionof the £lter responserectors.
Themeanof the Rayleighdistributionis givenby
r
1r = B/Q

%,
2
andthevariances

4 Y.
%= 5

The point to noteis thatonly one parameteis requiredto
describethe distribution; given! , one candetermine¥,
andvice-versa.lf we candeterminethe noiseresponselis-
tribution at each£lter scalewe could then set the noise
shrinkagethresholdat eachscaleto be somenumberof
standardieviationsbeyondthe meanof the distribution

T=1 +k%;

wherek is typically in therange2 — 3.

How canwe determinghenoiseamplitudedistribution?
The smallestscale£lter hasthe largestbandwidth,and as
suchwill give the strongeshoiseresponseOnly atfeature
pointswill the responsaliffer from the backgroundhoise



Figure 5. Rayleigh distrib ution with a mean of
one.

responsehut theregionswhereit will berespondingo fea-
tureswill besmalldueto thesmallspatialextentof the£lter.

Thusthe smallestscalewavelet quadraturegpair will spend
mostof theirtime only respondingdo noise.

Thus,thedistribution of theamplituderesponsérom the
smallestscaleflter pair acrosghewholeimagewill bepri-
marily the noisedistribution, thatis, a Rayleighdistribution
with somecontaminatiorasa resultof the responsef the
£ltersto featurepointsin theimage.

We canobtaina robust estimateof the meanof the am-
plitude responsef the smallestscale£lter via the median
responseThemedianof aRayleighdistributionis thevalue
x suchthat d

T X e 1
o % 2
. P——
median= %, i 2In(1=2):
4

Noting thatthe meanof the Rayleighdistribution is ¥ P %“
we obtainthe expectedvalue of the amplituderesponsef
thesmallestscale£lter (the estimateof themean)

P
3 1/=
—pg : median
3/$ i 2In(1=2)
1
= } i a > median;
2 In(1=2)

E(An)

whereN is the index of the smallestscaleflter. Given
that % = 5‘1\/—%2) we canthenestimatet , and3; for the

noiseresponsdor the smallestscale£lter pair, andhence
theshrinkagehreshold.

We canestimatethe appropriateshrinkagethresholdgo
useat the other £lter scalesif we male the following ob-
senation: If it is assumedhat the noise spectrumis uni-
form thenthewaveletswill gatherenegy from the noiseas
a function of their bandwidthwhich, in turn, is a function
of their centrefrequeng. For 1D signalsthe amplitudere-
sponsewill be proportionalto the squareroot of the £lter

centrefrequeng. In 2D imagesheamplituderesponsevill
bedirectly proportionalto the £Iter centrefrequeng.

noise power spectrum

wavelet amplitude response
A A

1 L
w
wavelet 1 wavelet 2 wavelet 3 W1 w2z w3 logw

frequency band

Figure 6. If the noise spectrum is unif orm the
response of a wavelet to the noise will be a
function of its bandwidth.

Thushaving obtainedan estimateof the noiseamplitude
distribution for the smallestscale£lter pair we cansimply
scalethis appropriatelyto form estimatesf the noiseam-
plitude distributions at all the otherscales. This approach
provesto be very successfuln allowing shrinkagethresh-
oldsto be setautomaticallyfrom the statisticsof the small-
estscaleflter respons@verthewholeimage.

4. Results

Figure 7 shaws a synthetictestimagewith grey values
rangingbetween0 and 255. Gaussianwhite noisewith a
standarddeviation of 80 grey levels was addedto the im-
age. Theresultof applyingthe phasepreservingdenoising
algorithmto theimage(usingak valueof 2 to setthethresh-
old) is shavn alongwith the resultobtainedby applyinga
standardiscretewaveletdenoisingschemgthe MATLAB
wdencmp functionusingthe “symlet8'waveletandaman-
ually derivedthresholdof 60).

Figure8 shavs the 1D sectionsat row 150 (out of 256)
on eachof the four imagesshavn in Figure 7. Note the
vertical scalefor the plot of the phasepresered denoised
imagedoesnot matchthat for the original image. The re-
constructionfrom the complex-valuedlog Gaborwavelets
cannotcover thevery low, andzerofrequeng, components
of the signal. Also the signalcanonly be recoreredup to
a scalefactor Despitethis the shapeof the reconstructed
signalis very good. A major part of the succesof the
seeminglyastonishingeconstructions dueto the factthat
thedenoisingprocesss takingplacein 2D. Thereconstruc-
tion of row 150in theimagemakesuseof informationfrom
above andbelow thatrow. Sucha resultwould not be pos-
sibleworking solelyin 1D.

Figure 9 shaws the phasepreservingdenoisingprocess
appliedto apoorquality suneillanceimageof a hold-up. It
shouldbe notedthatvideoimagesconsistof two interlaced
images If thereis any motion (therewasa smallamountin
thisimage)theinterlacingwill resultin “toothcomb' edges
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Figure 7. Denoising of atest image

aroundobjects.To overcomethistheindividualimageghat
malke up thevideoframecanbe obtainedby extractingjust
theeven,or justthe odd,numberedscanlinesfrom theim-
ageprior to denoising.

5. Conclusion

We have presenteda new denoisingalgorithm, based
on the decompositionof a signal using comple-valued
wavelets. This algorithm preseres the perceptuallyim-
portant phaseinformation in the signal. In conjunction
with this a methodhasbeendevised to automaticallyde-
terminethe appropriatevavelet shrinkagethresholdsrom
the statisticsof theamplituderesponsef thesmallestscale
£lter pair over the image. The automaticdeterminatiorof
thresholdsovercomesa problemthat hasplaguedwavelet
denoisingschemesn the past.

The RMS measures not always the most appropriate
metricto usein thedevelopmentof imageprocessinglgo-
rithms. Indeedit couldbe arguedthatmoretime shouldbe
spentoptimising the choice of the optimisationcriteria in
general Forimagest would appeathatthepreseration of
phasealatais important thoughof courseptherfactorsmust
alsobeimportant. The denoisingalgorithmpresentedere

row 150

T T T T
200+ 4
o

noisy row 150

T g I

ised with symlet8 wavelet

" W
o |
‘

.
denoise d with phase preserved

Figure 8. Section along row 150 in the test im-
age

doesnot seekto do any optimisation,it hasmerely been
constructedoasto satisfythe constaint thatphaseshould
not be corrupted. Given that it satisEeghis constraint,it

shouldbe possibleto develop it further sothatit doesin-

corporatesomeoptimisation,say the minimisationof the
distortionof the signal’s amplitudespectrum.What should
alsobeinvestigatedis the possiblerelationshigbetweerthis
phasepreservinglgorithmandtranslatiorinvariantdenois-
ing.
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