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0. Introduction

A monochrome photograph of a smooth object will typically exhibit bright-
ness variation, or shading. Of interest to researchers in computer vision has been
the problem of how object shape may be extracted from image shading. This
shape-from-shading problem has been shown by Horn [10, Sections 10 and 11] to
correspond to that of solving a first-order partial differential equation. Specifi-
cally, one seeks a function u, representing surface depth in the direction of the

z-axis, satistying the image irradiance equation
R(ug,uy) = E(z,y) (0.1)

over ). Here R is a known function (the so-called reflectance map) capturing
the illumination and surface reflecting conditions, E is an image formed by or-
thographic projection of light onto a plane parallel to the zy-plane, and €2 is the
image domain. The geometry of the situation is depicted in Figure 1. In this

formulation, it is implicitly assumed that

e a small surface portion reflects light independently of its position in space.
Thus, scene radiance is dependent only on lighting, surface lustre, and surface
normal. By implication, light sources are infinitely far away, and internal

surface reflections are disallowed.
e image irradiance corresponding to a surface point is equal to scene radiance.

Note that if function u satisfies (0.1), then so too does u + ¢, where c is a
constant. In other words, the image of the surface formed by the graph of u is

preserved under a depth shift along the zaxis. It is therefore reasonable to assume
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that solutions to (0.1) are identified with classes of functions that satisfy (0.1) and
differ by a constant.

An interesting case obtains when the reflectance map is specified so as to cor-
respond to the situation in which a distant point source illuminates a Lambertian
surface. A small portion of such a surface acts as a perfect diffuser appearing
equally bright from all directions. At first, this might seem to imply that Lamber-
tian surfaces cannot exhibit other than constant shading. However, a curved ob-
ject will, in general, receive illumination that differs in strength across the surface
due to surface foreshortening, and it is this that will be responsible for variation
in image brightness. If a small portion with normal direction (ug,u,,—1) is illu-
minated by a distant point source of unit power in direction p = (p1, p2, p3), then,
according to Lambert’s law, the emitted radiance and, in view of aforementioned
assumptions, the reflectance map are given by the cosine of the angle between
these two directions. Thus, if F(z,y) denotes the corresponding image, the image

irradiance equation for the above situation takes the form

p1ug + ba2uy — P3

P p3 i+ + 1

= F(z,y). (0.2)

Since E(z,y) represents the intensity of the reflected light and as such is
non-negative, the domain €2 of this equation consists of those points for which
the left-hand side is non-negative. On the other hand, by the Cauchy-Schwartz-
Buniakowski inequality, F(z,y) < 1, and so effectively the inequalities 0 <
E(z,y) <1 hold over €.

Given 0 < E(z,y) < 1, the questions of the existence and uniqueness of so-
lutions to (0.2) arise naturally. Existence corresponds to the problem of whether
a given shading pattern with intensity between 0 and 1 is generated by a genuine
Lambertian surface. Uniqueness corresponds to that of whether a shading pattern
is due to one and only one Lambertian shape. Some progress in the elucidation
of these issues has been made under the assumption that a light source is situ-

ated overhead. In this case p = (0,0, —1) and the corresponding image irradiance
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equation takes the form

1

\Juz +ul +1

Of course, E(z,y) > 0, so letting £(x,y) = [E(:c,y)}_2 — 1, one can rewrite the

= E(z,y).

above as the eikonal equation

uy +uy = E(z,y). (0.3)

Blake et al. ([1]; see also Horn and Brooks [11, pp. 29-52]), Brooks [2], Brooks et
al. [4], Bruss ([7]; see also Horn and Brooks [11, pp. 69-87]), Deift and Sylvester
[8], Oliensis [18] and Saxberg [20] contributed important uniqueness results for
this equation, whereas Brooks et al.[3] and Horn et al. [14] established an exis-
tence result. While all these results are far from being complete, they indicate,
however, that uniqueness is rather exceptional and that existence is subject to
many constraints.

In contrast with this, the shape of a Lambertian surface turns out to be
uniquely determined by a triplet of images obtained by illuminating a given scene
from three different light-source directions (three-source photometric stereo). As
shown by Horn [10, Subsection 10.13] and Woodham ([22]; see also Horn and
Brooks [11, pp. 513-532]), the system

D1lUg + P2Uy — P3

= El(ﬂ?,y),
Vi + s +pdJul +ul+1
Uz + Q2Uy — q3
e [ @), (0.4)
QI+Q2+Q3 um+uy+1
T1lUg + T2Uy — T3 _ Eg(.’E, y)

can be reduced to a system of the form
Uy = Fy ($, y)7

uy = F2('T7y)a
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where F; and F; are explicitly expressible in terms of Fq, Fy, F3 and p1, p2, ps,

q1, 92, 43, T'1, T2, T'3.

Less well-understood is the case of two-source photometric stereo (see Horn
[10, Section 10 and Appendix A.2.2], Horn and Tkeuchi [12], Horn et al. [13], Wood-
ham [21, 22]). Here, the shape of a Lambertian surface is to be recovered from a
pair of image data obtained by illumination from two different light-source direc-

tions. One is thus led to consideration of a system of the form

P1Ug + P2Uy — D3

= Ei(z,y),
Vi + 05+ p3y/u +ud+1
(0.5)
q1Ug + q2Uy — G3 _
— E2($ay)‘

The main purpose of this thesis is to discuss existence and uniqueness of
solutions to (0.5). However, prior to this, we consider shape recovery based on
image data obtained by illumination from three different light-source directions.
A novelty here will be a presentation of a necessary and sufficient condition for
the existence of solutions to (0.4). The main result concerning (0.5) will be the
one stating that generically this system has, up to a constant, a unique solution.
We shall examine thoroughly exceptional pairs (E1, E2) for which there is no such
uniqueness. We shall also present necessary and sufficient conditions for the exis-
tence of solutions to (0.5). The discussion of both (0.4) and (0.5) will be extended
by a number of illustrative examples.

The part of thesis bringing the discussion of three-source and two-source pho-
tometric stereo has already been accepted for publication and appeared as [15],
[16], and [17].

Upon completion of the present work, R. Onn and A. Bruckstein [19] indepen-
dently published an analysis of two-source photometric stereo that relates to those
results herein up to Theorem 2.7 (the interested reader is referred to [19], where
independent elegant proofs may be found). The method used by those authors

is different from ours, and the analysis performed is less extensive. In particular,
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unlike the present thesis, [19] neither gives explicit formulae for the shapes recov-
ered, nor elucidates the nature of exceptional cases of non-uniqueness.

The thesis closes with a supplement presenting a short summary of the re-
sults concerning existence and uniqueness of solutions to eikonal equation (0.3)
contained in joint papers [3], [4], [5], and [6] by Brooks, Chojnacki and the au-
thor. It is included because the author of this thesis contributed approximately
one third to this work during his Ph. D. candidature. The supplement is of infor-
mal character and is of little direct relevance to the analysis of photometric stereo

which is the main focus of this thesis.



1. Three-light-source shape recovery

We first consider shape recovery based on the three images obtained by illu-
minating a given object from three different light-source directions. As was shown
by Horn [10, Subsection 10.13] and Woodham [22], the uniqueness problem in this
case is of purely algebraic character. In this section, we supplement this result
by establishing necessary and sufficient conditions for the existence of a unique
solution for a given triplet of images. Finally, to illustrate the significance of
these conditions, we exhibit two different classes of images for which there are no

genuine shapes. The whole analysis will involve no boundary conditions.

Suppose that a Lambertian surface, represented by the graph of a function
u of class C!, is illuminated from three linearly independent directions, namely

b= (p17p27p3)7 q= (q17Q27Q3)7 and r = (T17T27T3)- Let

2 = (o) € Bilen) = g >0}

% = {(@.9) €K' s Fafoyy) = ||§Z|L|||(|J;|| >0},

% = {(@.9) € R s Faloy) = ||;7|||TZ|| >0}

where n = (ug, uy, —1), (-|-) denotes the standard Cartesian product in R?, and
|| - || denotes the corresponding norm. Suppose that Q@ = Q; N Qy N Q3 is a non-
empty domain of R?. Clearly, the corresponding images E1, E3, and E3 are given

by



Druy + Da2uy — P3

El(.’L‘,’y) = 5 5 5 s
\/p1+p2 +p3‘/U%+’U;5+]—

E2(:L_’ y) — qlum + QQuy - QB , (11)
Vai+ a3+ a3 Jul +uf+1

Eg(.’L', y) _ T1lg + 72Uy — T3

over . Throughout, unless stated otherwise, functions satisfying (1.1) and dif-

fering by a constant will be identified. We have the following:

Theorem 1.1. The first derivatives of u can be expressed in terms of E;, Fj,

Es, p, q, and r in the following form:

_ (g2r3s — qsr2) Eq||p|| + (p3r2 — pars) Eallql| + (p2gs — psq2) Es||r||
N (6127'1 - 6117‘2)E1||p|| + (p17‘2 —P27'1)E2||Q|| + (P2Q1 - pIQ2)E3||7'||,

(1.2)

(gsm1 — qir3) Eqllpl| + (p173 — p3r1) E2|lql| + (p3sq1 — p1gs) Es||7||
(g2r1 — qur2) Ev||p|| + (p1r2 — par1)E2llq|| + (p2¢1 — p1g2) Es||7|]

’U,y:

Proof. If we let v be the unit normal to the graph of © with components

u(E uy _]_
V1 = y V2 = 3 and vz = ’
\Juz +us +1 uz +u2 +1 \Juz +us +1

then system (1.1) can be rewritten in the following form

Ey pillpll™t pallpll™t psllpllT? 2
Ey | = alldl™ @llall™ asllqll™! 2
E3 (Nl e Y & | e 4 | V3



In view of the linear independence of p, ¢, and r, we have

Ey pallpl™ psllpll 7t Erllpll p2 ps
Es @llg|™t gsllgll™?t Esllqll g2 g3
o VB3 roflr|| 7t w7 [ Eslrll r2 s
! det A detB ’
pillpll=" Er psllpllT? p1 Eillp|l ps
aillgll™t E2 gsllgll™! a1 Eslq|l g3
S 1l 2 SO Yl I W 1
2 detA detB ’
pillpll™t pallpll™t Ex p1 p2  Ei|p|
aillgl™  alldl™t Es a1 2 Bl
S Y I 2% I S O 21|
3 det A detB ’
where
pillpl™" pallpll™t psllpll ™t P1 D2 D3

A= | qilldl™" @llgll™" asllg”' | and B=| ¢ ¢ g3

1=

||_1 T L T2 T3

ralr ro|lrlI7t sl

More explicitly

Yy = (g2r3 — qsm2) E1||p|| + (psr2 — p2rs) Eallq|| + (p2g3 — p3q2) Es||7||
detB ’

_ (g3r1 — q1r3) Eq||p|| + (p1r3 — psr1) Eallql| + (psq1 — p1g3) Es||r||

v detB




_ (172 — qar1) Ex||p|| + (p2r1 — pire) E2llq|| + (P1g2 — p2¢1) Es||7||
detB )

v3

Noting that

141 V2
Uy = —— and Uy = ——,
%2 V3

we get (1.2). O

As an immediate consequence, we obtain the following:

Corollary 1.2. With u, E1, E5, and E5 as above, if v is a function of class C*
such that (1.1) holds with u replaced by v over a domain €2, then u = v + const.

Proof. It follows from Theorem 1.1 that u, = v, and u, = v,. Since () is

connected, u and v can only differ by a constant. [J

Notice that Corollary 1.2 establishes the essential uniqueness of the recovery

of a Lambertian surface from images generated by three different light sources.

Now we shall derive a necessary and sufficient condition for three given func-
tions F1, Fs, and E3 to be interpreted as images of a Lambertian surface illumi-

nated from three given linearly independent directions.

Theorem 1.3. Suppose that € is a simply connected domain in R?, E1, E, and
E3 are functions of class C' on Q with values in [0, 1], and p, q, r are three linearly
independent vectors. In order that there exist a solution u of class C? to (1.1), it

is necessary and sufficient that



oy

0 [ (g2r3 — gzr2) Erllpll + (psr2 — par3) Eollql| + (P2gs — p3g2) Es|Ir||
(g2r1 — qir2) Ealpll + (p172 — par1) Ballall + (p2g1 — prg2) Es|l7 ||

(1.3)

_ 0 [ (gsr1—aqurs)Enllpll + (pars — psr1) Eallgll + (P3qr — p1gs) Es|ir ||
0z \ (q2r1 — qir2) B |lp|| + (p1r2 — par1) Eellall + (p2ar — p1a2) Es|lr ||

If this condition is fulfilled, then u satisfies (1.2).

Proof. By an elementary result from calculus, equation (1.3) is a necessary and
sufficient condition for the existence of a function u of class C? satisfying (1.2).
Now a direct calculation shows that if u satisfies (1.2), then it also satisfies (1.1).

0

For a given vector p, it is not straightforward to generate an example of a
smooth function 0 < E < 1 for which there is no solution to a one-image irradiance

equation
D1Ug + P2y — D3

VDI 45+ p3yfud +ul 41

= E(z,y)

(see [3] and [14]). However, as our next example shows, it is much easier to find
functions 0 < F; < 1,0 < Ey <1, 0 < F3 <1, and vectors p, g, r for which there

is no solution to (1.1).

Example 1.4. Let p = (1,1,-1),¢=(-1,—1,—1), and r = (—1,1, —1), and let
Ei(z,y) = (L+ 2 +97)/2, Ex(z,y) = (1-2° —y?)/2, and Es(w,y) = 2°/2.
Clearly, 0 < E; <1 (1 = 1,2,3) over Q = {(z,9)e R? : 22 + y? < 1}. The

corresponding system (1.1) over  reads

Up +uy+1  1+z2+y°
V3, fu +u2 + 1 2
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—uy —uy+1 1—a2%—y?

V3, /u2 +u2 + 1 2

—Ugp + Uy + 1 _3:2

V3 Jul +u2+1 2

O (BB _ . _ 0 (E-E
8y E1+E2 =Y _81} E1+E2

over Q\ {(z,y) € R? : 2z = y}, we see that condition (1.3) is not satisfied. Hence,

(1.4)

Since

by Theorem 1.3, there is no solution of class C? to (1.4) over Q.

Suppose now that a Lambertian surface, represented by the graph of a func-
tion u of class C!, is illuminated from three linearly dependent directions p =
(p1,p2,P03), ¢ = (¢1,92,93), and 7 = (r1,r9,73), with p and g being linearly inde-
pendent. Let a and 8 be real numbers, such that

Ir[|=*r = allpll~*p + Bllall ~'q (1.5)

Let ©q, 9, 3, and €2 be defined as at the beginning of this section. We have
the following:

Proposition 1.5. With the assumptions as above, we have that

Eg(ﬂf,y) :aE1($7y)+ﬁE2(xay) (16)

over §).

Proof. Obviously, by (1.1) and (1.5),
1

[t (1[Il = = epallpll = = Baallall =)
\Juz +ud+1
+uy (ra||r(| ™" — epallpl ™ — Bazllall ™)
=73l =" + epsllpll =t + Basllall 7]

=0. O

E; — aFE; — BE; =

11



The above proposition can be used to generate an easy example of impossible

images.

Example 1.6. Let p = (1,0,0), ¢ = (0,0,-1), » = (1,0,—1), and Ey(z,y) =
(1+22+9y?)/2, Ex(z,y) = (1—2%—19y?)/2, and E3(z,y) = 22/2. Then (1.5) holds
with a = 8 = 1/y/2. Of course, (1.6) fails for otherwise E3 = aF; + SE, implies
22 — /2 =0 over Q = {(z,y) : 22 + y? < 1}, a contradiction.

Observe that if (1.6) holds, then (1.1) reduces to the system

P1Ug + P2uy — D3

— = E1(z,y),
\/p1+p2+p3‘/u§+u§,+1
q1Ug + q2Uy — g3 — EQ(QZ’, y)

ﬁ+ﬁ+ﬁ¢@:@17

The analysis of this case will be performed in the next section.
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2. Existence and uniqueness for two-source
photometric stereo

In this chapter, we lay theoretical foundations for the method of two-source
photometric stereo. This method consists in recovering the shape of a given object
from a pair of image data obtained by illuminating the object from two different
light-source directions. We show that generically the shape of a smooth Lam-
bertian surface is uniquely determined by a pair of image data. We examine
thoroughly exceptional pairs of image data for which there is no such uniqueness.
In addition, we present necessary and sufficient conditions for a given pair of data
to be generated by a genuine shape. The entire discussion will make no appeal to

any boundary conditions.

Suppose that a Lambertian surface S, represented by the graph of a function

u of class C!, is illuminated from two linearly independent directions, namely

P = (p1,p2,p3) and ¢ = (q1,92,93). Let

Q= {(x,y) €ER?: Ey(z,y) = % > O},

% = {(@.9) € R s Fa(oy) = ||;7T||||q3|| >0}

where, of course, n = (ugz,uy, —1). Suppose that Q = ©Q; N Qy is a non-empty

domain of R?. Clearly, the corresponding images E; and F5 are given by

13



P1Ug + P2Uy — D3

El(xay) = 5 5 5 2 5 ’
V1 + D3+ p3yJuz +uy +1
(2.1)
Ez(m, y) — q1Uy + q2Uy — g3

V@G + G+ a3y Ju+ul+1

over (). As in the preceding chapter, unless stated otherwise we shall identify

functions that satisfy (2.1) and differ by a constant. We have the following:

Theorem 2.1. The first derivatives of u can be expressed in terms of E1, Fs, p,
and q in the following form:
_ lIplli(ar(pla) — pallall®) Ex + llall (p1(pla) — aallpll*) B2 + (p3q2 — p2gs)eV/A
2l (pallall? — ga(pla) Br + llall(gallpll? — pa(pla)) B2 + (p1g2 — pag1)eV/A’
(2.2)
_ lIpli(az2{pla) — pallall®) Er + llall(p2{pla) — gollpl*) E2 + (195 — paqr)eVA

" Ipll(esllall? = as(pla) Er + llall(gs|lpll> — ps(pla) Bz + (P12 — pogr)eV/A’
where

T

A =A(z,y) (2:3)

= |pll?llgll*[1 — E3(z,y) — E3(z,y)] — (pla)[(pla) — 2lpllllq||EL(z, y) Ea(z,y)],

and € = e(x,y) is a function taking values +1 in such a way that the function

f(z,y) = ez, y)VA(z,y)

is continuous.

Proof. Let e
~ _ (plap23p3)
e=plI7'r = ==
VP71t D3+ D3
and let

1
f=q-(qe)e= e (Ilpl2qr — (playpr, lIpl*g2 — (pla)p2, |Ipll*as — (plg)ps) -

14



Then

1A =1pl~2 [ 2 (Ipli%an — (pla)p2)?

1<n<3

= |lpl 2/ llpll4llall? + (pla)2llpl12 — 2[lpl12(p|a) (prq1 + P2q2 + P3d3)

= |lpll ="/ llpl12llal|? — (plg)2.

Note that by the Cauchy-Schwartz-Buniakowski inequality and the linear inde-
pendence p and g, we have ||p||?||¢q||* — (p|g)* > 0. Put

1

F=Nf7tf=
7 Ipllv/1lp1Tlgl1® = (plq)?

x (|IplI2q1 — (®l@)p1, IPN%q2 — (pla)p2; |Ipl|%gs — (Pl@)p3).

Obviously |[¢]| = ||f]| = 1. Moreover

@IF) = Il A1~ ol f)
= plI7H AT D2 (UlplPpagn — (pla)p2)

1<n<3
=l AT DY IplPPagn — Y (pla)p
1<n<3 1<n<3
= lpll = I el (pla) — llpll® (plg))

= 0.

Let g =€ x f, where x denotes the cross product in R3, that is,
g = (e2fs —e3f2, esf1 —eifs, erfa —eaf1).

Of course, (¢]g) = 0, (f|g) =0, and ||g]| = 1. Now

15



. 192(613”29”2 — p3(plq)) —ps(CIz||p||2 — p2(plq))
9= RV IPETE =G p3(Q1”p”2 —p1(plg)) —101(613||p||2 - p3(plg))
p1(2|lp||* — p2(plg)) — p2(aq1llpl|® — p1{plq))

1

I/ 1IplMlall? — (plg)?

X <||p||2(p2(]3 - p3612), ||p||2(P3CI1 - p1Q3), ||p||2(p1Q2 —p2Q1))

1
= (p2g3 — P3q2, P3q1 — D143, P1g2 — P2q1)-
Vpl?lal? = (»lg)?

In the orthonormal basis €, ]?, g, the unit normal to S,

( Uy Uy -1 )
V= bl ) bl
uZ +u2 +1 yjuZ +ul+1 Jjui +ul+1
can be expressed as
v =ag + Bf +17, (2.4)

where
o= ) = (o] ) = Il vlp) = . (2.5)
8= i) = (v|pr) = 117 (wl(a = ()2

= 117" (vlg) = (al) @) = 117 (||q||<u\”%:”> - <q\é>E1)

= If1I7 (gl B2 — (q[e) Ex)
9|l B2 Ipll~ " (pla) Ex

= llplPllall? = (ela)> NI~ /llpl*llall® — (plg)?

_ lipllllgllE2 — {plg) Er
VIpIPlal? = (pla)?’

(2.6)

16



v = {v|g).
Since v has norm 1 and the basis e, f, g is orthonormal, it follows that
B2+~ =1

and so
y=¢ey1-a?-p? (2.7)

for some function ¢ = e(x, y) taking values 1 in such a way that - is a continuous

function. Observe that by (2.5) and (2.6), we get

2
| —o? P =1_FE_ <||p||||Q||E2 - (p\CDEl)
’ YV - 0l

_ llplPllal® — {pla)® — EZ (N4l — (pla)?)
12l12Mlgl1? = (plg)*

_IplPllgliPES + (plg)* ET — 2lIpllligll(plg) E1 B2
Ipl12lglI* — (plg)?

_ lplPllgl*( — E? — E3) — (pla) (plg) — 2llpllllal| B2 E>)

. (2.8)
IplI?[lq]]* — (plg)?
Taking into account (2.4), (2.5), (2.6), (2.7), and (2.8), we have
141 y4! ” ”” ” < | > Q1||P||2—p1<P|Q>
E, pllllql|E2 — (plg) E1 2
Vo | =3 | P2 22||pl|* — p2(plq)
2| ol (2l ]lg]1? — (plg)?) ,
V3 D3 gslpll* — p3(plq)
D243 — P39q2
n VpllPllgll2(1 — EE — E3) — (pla)(plg) — 2[lpllllq]| E1 E-) B
€ D) 3 3 P3q1 — P143
IplI*[lq]1* — (pla)
P1q2 — P2q1

17



P Ipllllgll B2 — (plg)Ex 2 _
(112 TPl — gy @l — 2 pla) +

(p2g3 — p3g2)eV A \
ol lg]]? — (plq)?

=

Ey — E -
=| P2 g n IpllllgllE2 — {plg) Ex (P3qa p1Q3<)€

ol TollelPTalE — (plgy®) 2 IPI™ —P2tela) + e 2

=

Ps3 I2llllgll B2 — (pla) Ex

2 _ (P1g2 — p2q1)e
ol T Tl el — (gD @lpl” = palpla)) +

ol llgl]? — {(plq)

/

N

1
~ el (IpIPlel = (plg)?)

(pl(llpllzllﬂl2 — (plg)>) Er + (q1llpl” — p1(pla) lpll gl B2 — (pla) 1)\
+(p2gs — p3q2)[IplleVA

p2lpPllall® = (pla)®) Ex + (g21lpl1? = p2(pla) ([Ipllllgl| E2 — (plg) Er)
+(p3q1 — p1g3)||plleVA

p3(llpl1?llgll* — (plg)*) E1 + (gsllpll* — p3(p|a)) (lpllllgl| B2 — (p|g)Er)
+(p1g2 — p2q1)|IpllevVA )

1
~ el (PPl = (plg)?)

pillpll?llgll>Er — pr(pla)>Er + q1||p||?|lq]| B2 — p1||P||||Q||(P\Q>E2\
—q1||pl1%(plg) E1 + p1(p|@)2E1 + (p2g3 — p3q2)||pllevVA

p2|Ipl|?lell?E1 — p2(pla)2E1 + q=2||plI?|lq|| E2 — p2llpllll¢ll{pr|q) E-
—qo|Ip||*(p|q) E1 + p2(pla)2E1 + (p3g1 — p1gs)||plle VA

p3llplI?lglI>E1 — ps(pla)*Ex + gsllpl®|lgl| B2 — psllpllllgll{(p|q) E-
—aslplPPl0) Br + p3(pl0)2 s + (0102 — pogy) Ipllev/A /
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1
el llgl? = (plg)?

( Ipll(p1llgll® — a1 (pla)) Er + llgll(arllpl|* — p1<pIQ>)Ez\
+(p2g3 — p3g2)eVA
Ipll(p2llgll® — g2(pla)) Ex + llgll(g2llpll* — p2(plg)) E2

X
+(p3q1 —p1Q3)€\/K
Ipll(psllgll® — gs{pla)) Ex + llgll(as|lpl|® — p3{plq))E2
+(p1g2 — P2g1)eVA /
Now (2.2) follows upon noting that u, = —v1/v3 and uy = —vy/v3. O

If A > 0, the right-hand sides of (2.2) give candidate partial derivatives
of solutions to the system (2.1) in terms of two given images and light-source
directions. Let (v',v?) denote one of such candidate pairs. Then the vector field
(v, v?) may or may not be the gradient of a function v whose partial derivatives
satisfy (2.1). Our analysis of the existence and uniqueness of the solutions to

the problem (2.1) will therefore be generically confined to the set of functions of

1

— 2) 3 :
y = Vz) is a necessary and sufficient

class C?, where the integrability condition (v
condition for the vector field (v!, v?) of class C?! to be the gradient of some function
v of class C? over a simply connected domain. In the next subsections we will
discuss the problems of existence and uniqueness in two-source photometric stereo

by first presenting local results (Subsections 2.1 and 2.2) and then global results
(Subsection 2.3).

2.1. Case A >0

When A is positive over €2, the function ¢ apprearing in (2.3) must take one
of the values 1 or -1 since gradient (u;,u,) has to be a continuous function. As

an immediate consequence, we have the following:
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Corollary 2.2. Let E; and E5 be continuous functions on a domain € in R?
with values in [0,1]. Suppose that A > 0 over Q. Then there exist at most two

solutions u* and u™ of class C' to (2.1) having first-order derivatives in the form

= — Pl (pla) — pillal®) Er + llall(p1{pla) — arllp1*) B + (page — pags) VA

“ Ipli(psllal® - gs(pla)) Er + llall(asllpll? — ps(plg)) Bz + (p1g2 — poai) VA’
(2.9)

1 _ lIpll(az(pla) — pollal®) Br + llall(p2(pla) — a2lIpll*) B2 £ (pras — psa) VA

Y el esllall? — as(pla)) Bx + llall(aslipll? = patpla) B2 £ (p1g2 — p2a1) VA

Proof. The theorem follows immediately upon observing that e(z,y)\/A(z,y)
being a continuous function implies that either ¢ = 1 or ¢ = —1 in (2.2) over €.

g

By an elementary argument from calculus, we also obtain

Corollary 2.3. Let E; and E5 be functions of class C' over a simply connected
region Q of R? with values in [0,1]. Suppose that A > 0 on § and that, for each

choice of sign,

ot = |Ipl|(psllgll® — g3(pla)) E1 + llgll(g3llpl|* — p3(plg)) Ea % (prg2 — p2g1)VA

does not vanish over ). Then a necessary and sufficient condition for the existence

of exactly two solutions of class C? to (2.1) is, for each choice of sign,

9y \ |Ipll(psllall? — g3{pla)) E1 + |lall(asllp||?> — p3{p|a)) E2 £ (p1g2 — p2q1)VA
(2.10)

_9 (|IP|I(Qz<p\Q> — p2llall*) Ex + |lall(p2(pla) — g2llpl*)E2 £ (prgs — pSQI)\/K> .
Ipll(psllall? — g3{pla))E1 + l|gll(gs]lp||? — p3(plg)) B2 + (p1g2 — pagi)VA

9 (||p||<q1<p|q> — pillgl|?) Ex + llall(p1 (pla) — a1 [Ip]|?) B2 =+ (page —p2q3>¢K)

oz

If this integrability condition is fulfilled, then these two solutions satisfy (2.9).

Note that if Fy, Fy are derived from a genuine solution, then at least one of

the o does not vanish. It will be shown later that in the case where p = (0,0, —1)
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and ||q|| = 1 if this solution is of class C? and in addition satisfies a certain second-
order linear PDE, namely equation (2.14), then there exists still another solution
of class C2 to (2.1). This will imply that both ¢* are non-vanishing. Observe
also that

uf =u; and u;’ = u,
if
D193 — P31 = P3q2 — P2q3 = p1g2 — p2gq1 = 0.

The latter identities, however, never hold as vectors p and ¢ are assumed to be

linearly independent.

Corollary 2.3 can be illustrated by the following example.

Example 2.4. Let p = (0,0,—1) and ¢ = (1/v/3,1/V/3,—1/v/3), and let E1(z,y)
= (22 +y?+1)"Y2 and Es(z,y) = (v +y +1)[3(2® + > +1)] ~12 . Consider the
corresponding image irradiance equations

1 B 1

(2.11)
Ug + Uy + 1 r+y+1

VaJuzruz 1 V3/aT 4]

over ¥ ={(r,y) e RZ:x+y+1>0, v <y} Clearly o* = (-2/3)(z2 + y2 +
1)"Y2 #£0 and

_ (z—y)

3(x2+y2+1)
Notice that A is positive on ¥. Now (2.9) takes the form

+ _ + _ - _ —
uy =Yy, u, =zand u; =z, u, =y,

and, for each choice of sign, the integrability condition (2.10),
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is obviously satisfied. By Corollary 2.3, there exist exactly two solutions ™ and

u~ of class C? to (2.11) over X. A straightforward calculation shows that

ut(x,y) = zy

and

u(5,9) = 5@ +97).

Now we shall disentangle the meaning of condition (2.10) for images E; and
E5 generated by a genuine Lambertian surface, that is, when (2.1) is satisfied for a
certain function u of class C2. The discussion to follow concerns the case in which
one of the two light-source vectors is overhead and both vectors are normalized.
These technical assumptions scarcely affect the generality of considerations and
are made for the sake of convenience.

In order not to disrupt the course of the proofs of main theorems, we first

formulate two lemmata whose proofs will be deferred to Appendices 1 and 2.

Lemma 2.5. Suppose that p = (p1,p2,p3) and ¢ = (q1,42,¢q3) satisty ||p| =
llgll = 1. Let u be a solution to (2.1). Then

2
[uz (p2gs — P3q2) — uy(P1g3 — P3q1) + P21 — P14o]
u2 + “12; +1

A= : (2.12)

where

A(z,y) =1 — Ei(z,y) — E3(z,y) — (plg) [(plg) — 2E1(z, y) Ea(z,y)],

1Ug + Dbauy — P3

,/u%+u§+1 ’

q1Uy + q2Uy — (g3

,/ui+u§+1

and Es(z,y) =

El(xay) = P

Note that the last lemma implies that if a pair (Ey, Eq) is generated from a

genuine surface, then A is non-negative.
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Lemma 2.6. Suppose that p = (p1,p2,ps) and ¢ = (q1, 2, q3) satisty ||p| =
llg|l = 1. Given a function u of class C' over a domain Q, let E1 and E, be

defined by (2.1). Suppose that A, given by (2.3), is positive and, for each choice

of sign,

ot = (p3 — g3(p|g)) E1 + (g3 — p3(p|g)) B2 + (p1g2 — p2g1)VA

does not vanish over ). Let

0 = u, (p2Q3 - p3Q2) - Uy(p1Q3 - PBQ1) + p2q1 — P1G2-

Then

(q1(pla) — p1)E1 + (p1(plg) — ¢1)E2 + (p3gz — p2qs)eVA
(ps — a3(pla)) Er + (g3 — p3(pla)) E> + (p1g2 — p2q1)eVA

Uy if sgne sgnf > 0,

(a? — b — *)u, + 2acu, + 2ab
2abug + 2bcuy + b% — a2 — 2

if sgne sgnf < 0

and
(g2(p|g) — p2) E1 + (p2(plg) — g2)Ea + (p1gs — pag1)eVA
(p3 — q3{(p|g)) E1 + (g3 — p3(p|q)) E2 + (p1g2 — p2q1)eVA
Uy if sgne sgnf > 0,
) 2acu, + (2 —a® — b*)uy + 2bc .
f 0<0
2abug + 2bcu,, + b2 — a? — 2 1 osgne sgh ’
where

a = p3q2 — P293, b = pi1g2 — p2q1, and c = pi1q3 — P3qi,

and the function € = e(x,y) is everywhere constant taking value +1.

We now prove the following:
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Theorem 2.7. Letp = (0,0,—1) and q = (q1, g2, q3) be such that ¢?+q¢3 > 0 and
llgll = 1, and let u be a function of class C? on a simply connected open subset

of R?. Suppose that functions E, and E are given by

1
1/ufc—l-uz%—l—l

_ NUg + QUy — q3
\Juz +uz +1

Suppose, moreover, that A > 0 over ). In order that there exist a solution of class

El(x7 y) =

(2.13)

EZ(x7y)

C? to (2.13) different from u, it is necessary and sufficient that u satisfy

0%u  0%u s o 0%u
— - — - =0. 2.14
QIQZ(ayz 3$2) + (ql Q2) al_ay ( )
Proof. Note that
+ 2 1
ot =0=(g3—1) # 0

,/u%—}—u%—i—l

as |lg|l =1 and ¢? + ¢ > 0. By Lemma 2.5

_ (Q2um - Q1uy)2
uz +ul + 1

Suppose that

0 = qaugy — qruy > 0.
With e(z,y) = —1, Lemma 2.6 yields

—q1g3E1 — 1By + VA (63 — qD)us — 2q1q0uy  2q1g0uy — (63 — ¢3)ug,

(¢3 —1)Ey B —(¢? + ¢3) a + ¢3

and

—q2q3E1 — ¢2F> — 1 VA _ T2q192us + (43 — @3)uy _ 2q192Us — (43 — 63)uy
(¢3 —1)E; —(3 +43) a3+ aq
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By Corollary 2.3, a necessary and sufficient condition for the existence of

exactly two solutions of class C? to (2.13) is

9 (2qlqzuy — (g5 — q%)%) _ 9 <2QIQ2Um — (3 - (é)%)

oy @ +q oz @ +aq

A simple calculation shows that this condition can be rewritten as

0%u  0%u 5 9 0%u
QIQ2(8—y2 - W) + (a1 — Q2)8$—8y =0,
as specified in (2.14).

The case 6 < 0 is treated analogously. [

The last theorem gives a necessary and sufficient condition for the system
(2.13), having at least one solution u of class C?, to admit another solution v of
class C?. As equation (2.14) is not generically satisfied by u, the uniqueness of this
solution to (2.13) in the class of C? functions is therefore in most cases assured. In
other words, the integrability condition disambiguates surface recovery obtained
from two image patterns (see Example 2.15). In connection with this theorem, a
natural question arises about the shape of solutions to (2.14). This is answered

by the following results.

Theorem 2.8. Suppose that ¢ + q2 > 0. Any solution u of class C? to (2.14)

over an open convex ) is given by

u(e.y) = { ¢z + q2y) + Y(q1y — q2)  if qiga # 0, (2.15)

¢(z) + Y (y) if 142 =0

for some functions ¢ and v of class C?; conversely, for any functions ¢ and v of

class C?, the above formula defines a solution of class C? to (2.14).

Proof. It is a matter of simple calculation to verify that if u is given by (2.15)

for some functions ¢ and v of class C2, then u is a solution of class C? to (2.14).
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Suppose now that u is a solution of class C? to (2.14). Suppose, moreover,

that q1g2 # 0. Let T be a linear transformation of R? into itself given by
§($7 3/) =T + q2Y,
n(z,y) = —q2x + q1y.

Since

q1 q2
=q¢i+q5>0
—q2 1

it follows that T is a linear isomorphism. Let

w(é,n) = u(T‘l(E, ?7))-
Then, of course,
Uy = Q1ﬂ£ - QZIana
Uy = qoUg + q1Uy-
Moreover

a _ _ _ _ _ —
Uee = 5 (qu£ - Q2Un) = q1(q1ge — galign) — G2(q1lng — G2Tln)

= qliige — 2q12Tigy + @3 ilan, (2.16)

0 _ _ _ _ _ _
Uy = 5, (QzUs + qlun> = q2(q2lige + Q1llgn) + q1(q2lne + q1ilny)
= qg’a&ﬁ + 2Q1Q2ﬂ£7) + Q%Iann; (2.17)
and
0 B _ _ i N N
Uzy = 52 (qzug + qlun) = q2(q1tge — Gatign) + q1(q1lUng — G2lUny)

= Q1a2ge + (47 — ¢3)Uey — Q1q2ty- (2.18)
Combining (2.16), (2.17), and (2.18) with (2.14), we get
44745 + (47 — 43)? |ty = 0

or, equivalently,

Ugy = 0.
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It is a standard result in PDE’s that u satisfying the last equation over the convex

set T'(2) can be expressed in the form

a(&,n) = ¢(§) ++(n)

for some functions ¢ and v of class C2. Hence

u(z,y) =a(&,n) = ¢z + @y) + V(1Y — ¢22).

If g192 = 0, then clearly u satisfies
Ugy = 0,
and as such takes the form
u(z,y) = ¢(z) + ¢ (y)
for some functions ¢ and v of class C2. O

The next result will show how the functions ¢ and v in the representation

(2.15) can be expressed in terms of the initial function w.

Lemma 2.9. Suppose that g2 + ¢3 > 0. Let u be a function satisfying (2.15) for

some functions ¢ and 1) of class C%. Then

q1 q2 .
u( T, x)—c if q1q9 # 0,
G +a @ ta e
p(x) =
u(z,0) —c if 12 =0,
(2.19)
—q2 q1 .
u( x, x)—u0,0 +c ifqiqe #0,
@ +a3 4l +d3 (®.0) 127
P(z) =

u(0,7) — u(0,0) + ¢ if q1q2 = 0,
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where c is an arbitrary constant.

Proof. Suppose that g;q2 # 0. Then

2 2
q1 q2 qi D) q192 q192
u( T, :c)zd)( T+ a:)+¢( x — x)
G+a G+ d+aG  G+4 Gi+aG G+4
= ¢(x) +¢(0).
So, with ¢ = ¥(0),
q1 q2
d(x) = u( x, a:) —c. 2.20
=gt aea 20
Analogously
2 2
—q2 q1 —q192 4192 q1 g5
u( x, ac) :(1§< x+ a:)+1/)( x a:)
G+a G+ e @d+a G4 @i+ G4
= ¢(0) + 9 (z).
Hence
—q2 q1
P(x) = u( z, :U) — ¢(0).
(=) G+a G+ ©)
Since, by (2.20),
¢(0) = u(0,0) —c,
we have
Y(x) = u( 2_Q2 5%, 2q1 23:) —u(0,0) + c.
g ta4 4 t4q;5
Assume now that g1go = 0. Then
u(z,0) = ¢(x) + 1(0).
So, with ¢ = 1(0),
¢(z) = u(z,0) —c, (2.21)

and



Since, by (2.21),
¢(0) = U(O, O) -G
it follows that
Y(x) = u(0,z) —u(0,0) +c. O

In accordance with Theorem 2.7, if a Lambertian surface corresponding to
the graph of a function u generates two images that can be interpreted as images
of another Lambertian surface corresponding to the graph of another function v,

then u satisfies (2.14) and hence, by Theorem 2.8, takes the form

o1(z) + 1(y) if gig2 =0

for some functions ¢; and ; of class C2. Of course, v also obeys (2.14) and so

d1(qrr + @2y) + Y1 (q1y — q2x)  if qiga # 0,
u(z,y) =

we have _
b2 (1 + q2y) + Y2(qry — g2x)  if q1g2 # 0,
v(z,y) =

¢2(z) + Ya(y) if g1g2 =0
for some functions ¢y and 1), of class C2. A natural question arises about the
relationship between the pairs (¢1,%1) and (¢2,%2). This is answered by the

following;:

Theorem 2.10. Let p = (0,0,—1) and ¢ = (q1, g2, q3) be such that ¢ +q¢2 > 0
and ||q|| = 1. Let u be a function of class C? defined over an open convex {2,
satisfying
(2.1) = { ¢(1z + q2y) + P(q1y — @2x)  if q1g2 # 0,
ST o) + v ) ifq1g2 =0
for some functions ¢ and 1 of class C*. Let E; and E, are given by (2.13).
Suppose, moreover, that A > 0 over §). Then the other solution v of class C? to

(2.13) can be expressed in the “conjugate” form

¢z + @y) — Y(qy — qex)  if gr1g2 # 0,
v(z,y) = —o(z) +Y(y) ifq =0,
¢(z) — P(y) if go = 0.
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Proof. Suppose first that g;qs # 0. Then
Uy = 19’ — g2,
Uy = @28 + @y’
By Corollary 2.3 and Lemma 2.6, we get

_ 20102(22¢" + @1¥’) — (83 — 1) (@d' — @2¢")

b i + a3
_ G - it 2000 - Gt
@+ a3 qi + a3
=q¢ + @y
Similarly
vy = 20192 (¢’ — q29') ; (Q%; 33) (@29 + ay')
g1 + 45
_ 20—t @ 200G+ 06 -6,
@} + ¢ ai + 43

=g’ — ¢’
Now it is easy to check that

v(z,y) = ¢(q2y + q1z) — Y(q1y — ¢2).

Suppose now that g; = 0. Then, by Corollary 2.3 and Lemma 2.6, we obtain

2 41
—q5¢
Vg = 22 = _¢,a
q5
2,1,
Vy = QQ’;D = W,
q5

and hence

v(z,y) = —¢(z) + ¥ (y)-
The case g2 = 0 is treated analogously. [

The last results give analytical representations of the two solutions v and v

of class C? to (2.13) and establish a relationship between those representations.
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We can now present two alternative ways of finding those two solutions (provided
they exist). On the one hand, as indicated in Theorem 2.1, one can recover u and
v by direct calculation of gradients (ug,u,) and (vg,v,) and next applying the

formulae

u(z,y) = / Uz dz + uydy + u(xo,yo) and v(z,y) = / vzdx + vydy + v(xo, Yo),
v ¥

where v C 2 is a smooth curve joining points (z,y) and (zg,yo) in Q. On the
other hand, having found one of those solutions, say u, by using, for example,
the previous method, and applying Lemma 2.9, we can express functions ¢ and
1), introduced in Theorem 2.5, in terms of u. Finally, by applying Theorem 2.10,
the second solution v can easily be determined in terms of functions ¢ and 1 (see

Example 2.14).

In the case of overhead, single-point-source illumination, if w is a solution
to the shape-from-shading problem, then so too is any £u + c¢. In particular,
any convex solution to the eikonal equation generates a concave solution whose
graph has the same Gaussian curvature as the graph of the convex solution, and
vice versa. As shown in the next corollary, this is not the case for two-source

photometric stereo.

Corollary 2.11. Let p = (0,0,—1) and q¢ = (q1, g2, q3) be such that ¢ + q3 >
0 and ||q|| = 1. Assume that A is positive over an open convex ). Suppose,
moreover, that there exist exactly two solutions u and v of class C? to (2.13).
Then the Gaussian curvatures K, (z,y), K,(x,y) of the graphs of u and v at points
(a:,y,u(a:,y)) and (a:,y,v(a:,y)), respectively, satisfy K, (z,y) = —K,(z,y).

Proof. Suppose that ¢; = 0. Then, by Theorem 2.10,

u(z,y) = ¢(x) + ¥ (y)

and

v(z,y) = —d(x) +p(y),
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for some functions ¢ and v of class C?. The Gaussian curvature of the graph of

u at (x,y,u(x,y)) reads

uwwuyy - Uiy _ ¢,I(x)¢ll(y)

= . 2.22
(1 +u2 + u2)? [1+ ¢2(x) + ¢12(y)]2 (2.22)

K,(z,y) =

Similarly, the Gaussian curvature of the graph of v at (a:, y,v(z, y)) reads

_ Uzwvyy - ’Uiy _ _¢” (JT)WI(?/)
Ko@y) = Tz = 1+ ¢2(x) + 2 ()]

It is clear that
Ku(.’E, y) - _K’U(m7 y)

The case g2 = 0 is treated analogously.

Suppose now that ¢;q2 # 0. Then, by Theorem 2.10,

u(z,y) = ¢(q1z + q2y) + Y(1y — ¢2)

and

v(z,y) = ¢(qrz + q2y) — Y(q1y — qox),

for some functions ¢ and 1 of class C2. It is easily verified that the Gaussian
curvature of the graph of u at (x,y,u(m,y)) and the Gaussian curvature of the

graph of v at (a:,y,’u(m,y)) are

Ko (2.y) = (af + 43)°¢" (12 + 2y)¥" (Y — ¢22) 22

{1 + (¢} + 63) [0 (012 + @2y) + V"2 @1y — qox)] }

— (4} + 63)*¢" (012 + @y)¥" (1Y — o)
2
{1 + (a2 + @3) [¢? (12 + @2y) + ¥ (q1y — (1233)]}

KU(:L‘, y) =

respectively. Hence

K,(z,y) = —K,(z,y). O
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As the last corollary shows, there is no +u+ ¢ ambiguity in two-source photo-
metric stereo when both A > 0 and the Gaussian curvature of at least one solution
does not vanish. However, one can expect non-uniqueness resulting from replacing
u by —u + ¢ for the surfaces with zero Gaussian curvature. That indeed may be
the case is shown in Example 2.26. Note also that no two graphs of essentially
different solutions to (2.13) are isometric unless the Gaussian curvatures of those
graphs vanish at each point of 2. Since the class of surfaces with zero Gaussian
curvature coincides with the class of so-called developable surfaces (see Definition
2.22), Corollary 2.11 implies also that if one of the solutions is a developable sur-
face, then so too is the other. Example 2.4 shows that this is not the case for the
wider class of so-called ruled surfaces (see Definition 2.21). The case when A is
merely non-negative will be treated later.

We now prove the following:

Corollary 2.12. Let p = (0,0,—1) and g = (q1, q2,q3) be such that ¢* + q2 > 0
and ||q|| = 1. Assume that A > 0 over an open convex ). Suppose, moreover, that
there exist exactly two solutions u and v of class C? to (2.13) with zero Gaussian
curvature at each point of the graphs of u and v. Then:

1. If g192 = 0 and uyy # 0 over (), then there exist constants a, b, and a

function v of class C? such that u = u,, where
ui(z,y) = az + b+ P (y). (2.24)

2. If g192 = 0 and u,, # 0 over €2, then there exist constants ¢, d, and a

function ¢ of class C? such that u = uy, where
uz(z,y) = ¢(x) + cy + d. (2.25)
3. If 192 # 0 and
G Uzs + Gty + 24102ty 7 0
over (), then there exist constants e, f and a function QAS of class C? such that
u = Uy, where

i1 (z,y) = ¢(q1z + gay) + e(q1y — gox) + f. (2.26)
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4. IfQ1QQ 7é 0 and

QSua:x + Q%uyy - 2Q1Q2umy 7& 0

over 2, then there exist some constants I, k and a function 1& of class C? such

that u = i, where

Uo(z,y) = (12 + q2y) + k + 7[)(Q1y — @27). (2.27)

Moreover, if u = uq, then

—azx—b+9Y(y) ifq =0,
v(,y) = W i (2.28)
ar+b—Y(y) ifge =0;
if u = uo, then
—¢px)+cy+d ifqn =0,
v(z,y) = ) ' (2.29)
d(z)—cy—d  ifqga=0;
if u = 10, then
v(z,y) = e + q2y) + f — Y(qry — @22); (2.30)
and, if u = gy, then
v(z,y) = 1z + qy) — k(q1y — qoz) — L. (2.31)

Proof. Assume that ¢;qs = 0. Then, by Theorem 2.8,

u(z,y) = ¢(z) + Y(y)

for some functions ¢ and 1) of class C2. Since the Gaussian curvature of the graph
of u vanishes, we have, by (2.22), that ¢"(x)¢" (y) = 0. Therefore if u,, = ¢"(y) #

0, then ¢”(x) = 0, and so there exist constants a, b, and a function 1) such that

u(z,y) = ui(z,y) = ax + b+ (y).

By Theorem 2.10,

( —az—b+1(y) ifq =0,
v(z,y) =
Y axr+b—(y) if g =0.
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Similarly, if u,, = ¢"'(z) # 0, then ¥"(y) = 0, and so there exist constants ¢, d,

and a function ¢ such that

U(ZL', y) = u2($7y) = ¢(',E) +cy+d.

By Theorem 2.10,

—p(z)+ecy+d ifqg =0,
v(z,y) = {

d(x)—cy—d ifge =0.

Assume now that ¢i1g2 # 0. Then, by Theorem 2.10,

w(z,y) = dlarz + ¢2y) + P(qry — ¢a),

for some functions g[3 and 1ﬁ of class C?. Since the Gaussian curvature of the graph

of u vanishes, it follows from (2.23) that

" (q1z + q2v)¥" (q1y — qaz) = 0.

Let T be the linear transformation of R? given by

£(z,y) = a1z + g2y,

n(z,y) = —q22 + q1y.
Let

a(&,m) = uw(T™H (&),

where T~ is the inverse transformation

_ 01§ — qan
@&+ qn
y(fﬂ?)— q%+q§ -
Clearly,
u(&,m) = (&) +v(n)
and

Uge = ¢” (5); Upp = W'(ﬂ)-
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Moreover,

_ 1 9 9
Uge = 7555 Q1 Uge T Q3 Uyy + 2 Ugy ),
33 (q% + qg)g (Q1 TT qs Yy q142 a:y)
_ 1 9 9
= ———5=(qoUge + Q7 Uyy — 2 Uy ) -
nn (q%-i— %)Z(Q2 zx T 41 Uyy q192 wy)

Now proceeding along the same lines as in the case ¢1g2 = 0, we obtain (2.26),

(2.27), (2.30), and (2.31). O

Corollary 2.12 provides a representation theorem for a rather special class of
pairs of the solutions to (2.13) with zero Gaussian curvature. There exist pairs of
solutions that are not covered by this corollary. Nevertheless, even such a weak

representation theorem will prove helpful in generating specific examples.

The next proposition provides, inter alia, a characterization of a subclass
of pairs (u,v) of the solutions to (2.13) with zero Gaussian curvature. Example
2.25(ii) shows that this subclass is essentially different from the class of all pairs

of solutions with zero Gaussian curvature.

Proposition 2.13. Letp = (0,0, —1) and ¢ = (q1, 2, g3) be such that ¢?+q2 > 0.
Assume that A > 0 over an open convex 2. Suppose, moreover, that there exist
exactly two solutions u and v of class C? to (2.13). Then u = —v + ¢, where c is

a constant, if and only if

q193F1 (2, y) + (1 Ea(z,y) =0,
(2.32)

9293 F1(2,y) + @2 F2(2,y) =0
over ). If u = —v + ¢, for some constant c, then there exist functions ¢ and 1) of
class C? such that:
1. If g = 0, then

wz,y) =¢(z) and v(z,y) =—¢d(z)+c
2. If g = 0, then

u(z,y) =9%(y) and v(z,y)=—yY(y)+c
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3. IfQ1QQ ?é 0, then

w(z,y) =Y(qy —qx) and v(zr,y) = —(q1y — qx) +c.

Proof. The proof is an immediate consequence of Theorems 2.8 and 2.10, and

Lemma 2.6 combined with the fact that u = —v +c¢. O

Theorems 2.7, 2.8, and 2.10, Lemma 2.9 and Corollary 2.11 can be illustrated

by the following examples.

Example 2.14. Let p, q, E1, E3, and ¥ be as specified in Example 2.4. The
function u™ (z,y) = zy satisfies (2.11) and also satisfies (2.14) which in this case

takes the form

0%u  0%u

g o, 2.
57~ 527 0 (2.33)

Theorem 2.7 guarantees the existence of another solution v of class C? to (2.11),

which, by Corollary 2.2, is unique. By Theorem 2.8,

ut(z,y) = ¢z +y) + ¥y — z),

where, by Lemma 2.9,
and

By Theorem 2.10,

W(,y) = B +y) ~ by =) = J@+ P + -2 = (@ + )

which obviously coincides with 4~ introduced in Example 2.4. Observe that v

also satisfies (2.33). Note, moreover, that by Corollary 2.11 the graph of u*
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consists exclusively of hyperbolic points (with negative Gaussian curvature), and
so the graph of u~ consists exclusively of elliptic points (with positive Gaussian

curvature).

The next example exhibits uniqueness in two-source photometric stereo for a

number of commonly encountered shapes.

Example 2.15 Assume that p = (0,0, —1) and ¢ = (¢1, g2, g3) are linearly inde-
pendent and that ||¢|| = 1.
(i) Let

U(SL‘,y) =V R? — z? _y2.

Clearly, the graph of u coincides with the upper hemisphere with radius R centered
at zero. The corresponding images F1 and Ej, defined over (2 as specified at the

beginning of this section, are

1
Bi(o,y) = VR — o — 2,

—q1T — @2y — g3/ R? — 22 — 2

EQ('T’ y) = R

It is easy to verify that A, as introduced in (2.3), vanishes if and only if gox —q1y =
0. Condition (2.14), which reads in this case

01¢2(2” — y°) — (¢ — ¢3)zy = 0,

is not satisfied over any open subset of R?2. By Theorem 2.7, over any open convex
subset ¥ of Q' = QN {(x,y) : g2 — g1y # 0} there is no solution of class C? to
(2.13) different from u. Consequently, the shape of the graph of u over ¥ is
uniquely determined by the images F; and Fs.

(ii) Let



where a, b, and c are arbitrary positive constants. Obviously, the graph of u is the
upper hemiellipsoid centered at zero with semiaxes a, b, and c¢. The corresponding

images E; and Fs over ) are

22 /2 y? [ c?
\/1-1—?(;—1)-1—1)—2( -1

.’132 y2

N——

®'|0
[

—cq1 b’z — cqaa’y — q3ab4/ 1

2
a2b2\/1—|—$—2<——1) v (C——1
a

It is easy to check that A vanishes over ' = {(z,y) € R? : ¢2b?z — q1a®y = 0}.

E2(:E’ y) =

Now condition (2.14), taking the form
q1920°0* (2 — y* + % — a®) — (¢ — g3)2y = 0,
is not satisfied over any open subset of R?2. By Theorem 2.7, over any open convex
subset ¥ of 2\ Q' there is no solution of class C? to (2.13) different from u. Hence,
the shape of the graph of u over ¥ is uniquely determined by the images F; and
E,.
(iii) Let
1
21422 +92)

The graph of u is mountainlike in shape (see Figure 2). The corresponding images

u(z,y) =

FE; and FE5 over § are

Ei(x
)= A T @

—q17 — 2y — g3(2® + > + 1)
\/x2+y2+(x2+y2+1)4
It is clear that A vanishes over ' = {(z,y) € R? : gaz — q1y = 0}. Condition

EZ(:E’ y) =

(2.14) reads in this case
01g2(y* — ) + (¢f — ¢3)zy = 0
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and is not satisfied over any open subset of R2. By Theorem 2.7, over any open
convex subset Y of 2\ €' there is no solution of class C? to (2.13) different from w.
Hence, the shape of the graph of u over ¥ is uniquely determined by the images
FE1 and FEs.

(iv) Let

u(z,y) = Va2 + 92,

for 22 + y? > 0. Clearly, the graph of u is a cone without peak centered at zero.

The corresponding images E; and E5 over ) are

El(m,y) = %a

oz, y) = QT + G2y — g3/ 7% + Y2
RN

It is easily checked that A vanishes over Q' = {(z,y) € R? : gax — q1y = 0}. Now,

condition (2.14) reads

t1g2(2® — y*) — (¢} — @3)zy =0

and is not satisfied over any open subset of R?2. By Theorem 2.7, over any open
convex subset ¥ of Q\ Q' there is no solution of class C? to (2.13) different from
u. Consequently, the shape of the graph of u over ¥ is uniquely determined by
the images F; and FEj.

(v) Assume that ga = 0 and let

1
u(z,y) = 4[1 +(1—22- yz)z] :

The graph of u is volcano-like in shape (see Figure 3). The corresponding images

F and FE5 over () are
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[1 +(1— 2% - y2)2]2

\/(332 +y)(1—a2—y2)2+[1+(1—22- yz)z}‘*

El(xa y) =

bl

2
qz(l—2® —y?) —gs[1+ (1 - 2% — y?)?]

E2("B7y) =
Va2 g1 - 02 =2 + 14+ (122 - y?)?]

T

It is easily checked that A vanishes over ' = {(z,y) € R? : y(1 — 22 — y?) = 0}.
The condition (2.14) reads

zy[5(1— 2> —y*)>—1] =0

and is not satisfied over any open subset of R2. By Theorem 2.7, over any open
convex subset ¥ of Q\ Q' there is no solution of class C? to (2.13) different from
u. Consequently, the shape of the graph of u over ¥ is uniquely determined by
the images F7 and FEj.

2.2. Case A=0

Now we shall consider the case when, for given E; and E5 defined over some
domain 2, A introduced in Theorem 2.1 vanishes over ). Throughout this section

the assumption that p; = ps =0, p3 = —1, and ||p|| = ||¢|| = 1 will be dropped.

As an immediate consequence of Theorem 2.1, we get the following:

Corollary 2.16. Let E; and E5 be continuous functions on a domain € in R?
with values in [0, 1]. Suppose that A(x,y) = 0 over 2. Then there exists at most

one solution u of class C' to (2.1) with partial derivatives

_ (g1 (pla) — pillall®) Ex + llall(pa(pla) — aillpll®) B2
“ pll(psliql? — gs(pla))Er + llall (gsllpll? — ps(pla)) Es’
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(2.34)

_ llpli(a2{pla) — pollall®) Ex + llall (p2(pla) — qollp|l®) Ea
Y Ipll(sllall? — as(pla)) Ex + llall (allpll? — palpla)) B

The next corollary formulates a necessary and sufficient condition for exis-
tence of exactly one solution u of class C? to the system (2.1). The proof will be

omitted as an elementary argument from calculus.

Corollary 2.17. Let E; and E5 be functions of class C' over a simply connected

region Q of R? with values in [0,1]. Suppose that A =0 on Q and that

o = |Ipll(psllqll* — g3(pla)) E1 + llqll(gsllpll® — ps(pla)) E>

does not vanish over ). Then a necessary and sufficient condition for the existence
of exactly one solution u of class C? to (2.1) is

9 (||p||<q1<p|q> — p1llal|2) Ex + llall (o1 (pla) — q1||p||2>Ez)

oy \ Ipll(psllall® — as{pla)) E1 + ||al|(gsl|pl|® — ps(pla)) E2

(2.35)

_ 0 (liplli{a2(plg) — p2llall*) B + llall (p2(pla) — a2llpl1*) Ex
oz \ |Ipll(psllall? — as(pla)) E1 + |lqll(gsllpll? — psipla))E2 )

If this condition is fulfilled, then u satisfies (2.34).

Note that if E; and FE; are derived from a genuine solution, then ¢ does not

vanish.

As the last corollaries show, in the case when A vanishes over the entirety
of €2, the shape recovery problem in two-source photometric stereo is uniquely
determined. Moreover, the process of recovering such a shape is fully specified.

Namely, as previously indicated, Theorem 2.1 and the formula
u(z,y) = / uzdz + uydy + u(zo, Yo),
¥
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where v C Q is a smooth curve joining points (x,y) and (zo,yo) in €2, determine
a solution u to (2.1). The next theorem, however, gives an alternative way of
determining the function u in the case when A = 0 over 2. We start by establishing

an auxiliary result.

Lemma 2.18. Any solution u of class C! to

V1Ug + Vot =0 (2.36)

with v? + v3 > 0 over an open convex ) is given by

u(z,y) = ¢(vex — v1y), (2.37)

where ¢ is an arbitrary real function of class C*.

Proof. Suppose u is given by (2.37) for some function ¢ of class C1. Then a
direct verification shows that u is a solution to (2.36).

To prove the converse, suppose that v is a solution to (2.36). Fix arbitrarily

(w0, y0)- Define ¢(t) by

t V1Yo — V2T t V1Yo — V2T
¢(t):u(x0+v2( n 1Yo — V2 0),3/0—'01( n 1Yo — V2 0)).

2 2 2 2 2 D) 2 2
vy + U5 vy + V3 vy t+ 03 vy + 03

We shall prove that

u(z,y) = ¢(v2w — v1y).

First observe that

V2 — V1Y + V1Yo — V2Zo V2 — V1Y + V1Yo — V2T
vox — V1Y) = ul| xo + v ,Yo — U
P(va 1Y) ( 0+ v2 - Yo 1 VZ T+ 02 )
Uz(ﬂﬂ — on) — U1(y - yo) Uz(ﬂﬂ - 330) — U1(y - yo)
=ul|xg+v ;Yo — v . 2.38
( 0 2 v+ 02 Yo 1 v+ 2 ( )
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Next note that

2 2, .2 2
R va(z — xo) —v1(Yy — Yo) _ TV + Tovz + V3T — Tovs — V1V2Y + V1Yo
0+ v2 =

v2 4 v2 v + v2
_ zovi + viz 4 viz — viz — vivay + v1vaYo
v? + 02
_zwites)  vileo — o) —valy — o)
vi + v3 vi + 3
LG ) b () (2.39)
vy + U3

We also have

Yo — vy 22 ( — o) — vi(y — o) _ Yovi + Yov3 — v1v2T + V1020 + V1Y — Yovi
0" v? + v2 v? + v2

YoUs — V12T + V1VaTo + VIY + viY — v3Y

v? + v2

y(v1 +v3) + UZ”l(fo — ) +v2(yo — y)
v} 4+ v2 v} 4+ v2

vi(zo — ) +v2(yo — v)

v? + v2 '

=Y+ v9 (2.40)

Let
YP(s) = u(x + vis,y + v2s).

By (2.36)

P'(8) = viug + vauy =0,
which shows that i is constant. Hence, for each s € R,
u(z,y) =¥ (0) = ¢(s).

In particular, if we take

_ v1(xo — ) + va2(yo — v)
v2 + v2

bl

then

i)l

2 2
vy + vy

,y+02

2 2
v + V5

vi(zg— ) +v -
:u<x+v1 1( 0 ) 2(y0 y) U%_H)%

vi(zo — ) + va(yo — y))
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Taking into account (2.38), (2.39), and (2.40), we finally get

vg(x—xo)—m(y—yo) Uz(ﬁﬂo—ﬂ?)—m(y—yo))

U(%"J):U(HTO-I-Uz V2 + 02 yYo — U1 02 + 02
1 2 1 2

= ¢(vex — v1y). O

We now prove the following:

Theorem 2.19. Let p = (p1,p2,p3) and q = (q1, q2,q3) be linearly independent

vectors such that if

V1 = P2g3 — P3q2, V2 = P3q1 — P1g3, and v3 = P1qg2 — P21,

then v? +v2 > 0. Suppose, moreover, that A = 0 over an open convex Q. If u is

a solution of class C' to (2.1) over Q, then

u(z,y) = (V12 + vay) (2.41)

v
2 2
vy + V3

L /“”_M va [lIpll(q1(plg) — p1||QI|2)E1(Q + llql|(p1(plg) — qll|p||2)E2(t~)]
to (v + v3)[|Ipll(psllall? — gs{pla)) E1 () + |lall(gsllp||> — p3{p|a)) E2(t)]

N /W”_“y v [|Ipll (p2lql|* — q2<p|q>)E1(Q + llqll(g=2llpll® —pz@\@)Ez(Q]
to (v} + v3)[Ipll(psllgll® — as(pla)) E1(t) + |lall(gsllpll? — p3{p|q)) Ea(t)]

where

’Ugt —’Ult
2 27 2 2
vy + vy v + V5

vt —v1t )

d Et :E( ,
) an 2(t) 2 v+ 03 vi+ 02

Ei(t) = El(
Proof. We retain the notation from Theorem 2.1. By (2.3), (2.4), (2.7), and
(2.8), the unit normal v to the graph of u can be represented as

v =aé+ Bf +17,

where

y=¢ A
Ipl1?[lq]|? = (plg)?
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Since A = 0 over €, it follows that v = 0, and so (v|g) = 0 over €. Taking into

account that

( Ug Uy —1 )
vV = b] )
uZ +uZ+1 (JuZ +ud+1 (Jui +ul+1

and
~ 1 ( )
g = V1, V2,03),
ol lgl* — (plg)?
we see that
ou ou
— — = V3. 2.42
V1 py + v oy V3 ( )
Clearly
U3
v(z,y) = u(z,y) — m(”lﬂf + v2y)
1 2
satisfies
ov n ov 0
V] — + V9g— =
19 0y

By Lemma 2.18, there is a function ¢ of class C? such that

v(z,y) = d(v2T — v1Y),

and so
U3

m(’vl.’ﬂ + ’U2y). (243)

u(@,y) = ¢(v2z — v1y) +

To express ¢ in terms of Fq, Fs, p, and ¢ we invoke Corollary 2.16 assuring that

u, and u, are given by (2.34). By (2.43),

/ V103
Uy = V29 (V2 — V1Y) + 55—
T ( ) U%-l—’l)%’
/ V23
Uy = —V Vo — vV + .
Y 19" (v2 1Y) o2 + v2

This jointly with (2.34) yields

—v1ws | |lpll(a1(ple) — prllal|®) Ex + llall(p1{pl@) — a1|pl|?) E-
v?+v3  |lpll(psllall? — as3(pla))Ex + llall(asllpll? — ps(pla)) E2’

U2¢/(U2Z‘ - Uly) =

vovs _ [Ipll(a2(pla) — p2llall®) Ex + llall(p2{plg) — gallpl®) B>
vi +v3  [Ipll(psllall® — gs{pla)) B1 + llall(gsllplI” — pslpla)) Ee

Before proceeding further, we present the following lemma whose proof will be

1)1€l5l(1)23c - U1?J) =

given in Appendix 3.
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Lemma 2.20. Let

V1 = P2qgs — P3Gz, V2 = P3q1 —P1gs, and vz =pig2 — P21
be such that v? +v2 > 0. Suppose that E; and E, are continuous functions over

an open convex €2 and that

—01vs Ipll(q1(pla) — prllal®>) Ex + llall (p1{pla) — a1l|p||?) E-
v?+v3  [Ipll(psllall® — as(pla))Er + |lall(asllpll? — ps{pla)) B>’

UQ¢I(U2$ — v1y) =

vavs  |Ipll(g2(pla) — p2llall®) Ex + llgll(p2(pla) — gallpll*) B2
v +v3  |Ipll(psllall® — gs(pla)) Ex + llall(asllpll* — palpla)) E-

U1¢/(U2$ - Uly) =

Let

V28 —U1S8
2 27 .9 2
vy +v5 vy + v

Er(s) = El(

) and E’2(s):E2( v2s e )

2 272 2
v] 5 v + v

Then ¢, up to a constant, is given by

ds

o(t) = /tt ( va [|Ipll (a1 (pla) — p1llall®) E1(s) + llall(pr (pla) = ar]lp]]*) Ea(s)]

v? +02) [|Ipll(psllal|? — aa{pla)) E1(s) + llall(asllpl|> — p3(pla)) Ex(s)]
(2.44)

/t o [[Ipll (p2llal|* = a2(pla)) B1(s) + llall(@2lpl|* = p2(pla)) Ea(s)] s,

(v} +v3) [lIpll(psllali® — as(pla)) E1(s) + llall(asllpl|? - ps(pla)) Ez(s)]

By Lemma 2.20 and (2.43), the function u is given, up to a constant, by

u(z,y) = (v1Z + vay)

v
2 2
v] + V3

dt

N /“”‘“”’ ve [||pl| (a1 (plg) — p1IIQI|2)E1(Q + llqll(p1(pla) — qlllp||2)Ez(t~)]
to (v? +v2) [|Ipll(psllal|® — as(pla)) E1(t) + |lgll(as]lpl|? — p3{plq))Ea(t)]

dt.

+ / ey oy |lpll(p2llgll? = g2(pla)) Ev(t) + lall (a2llp]1> = p2(pla) Ea(#)]

(w2 +02) [Ipll(psllall? — g3(pla)) E1(t) + llgll(g3lpl|2 — ps{plg)) Ea(t)]
O
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The subsequent discussion will be devoted to a geometrical characterization
of the unique solution to (2.1) in the case when A vanishes. Note that, as an
inspection of the proof of Theorem 2.1 reveals, A = 0 if and only if the normal
vector field to the graph of u is in the pg-plane. We start by recalling the following
definitions (see [9, pp. 188-194]).

Definition 2.21. A smooth surface in R® is called a ruled surface if it can be
represented in the form

X(s,t) = a(t) + sw(t),

where t — «(t) and t — w(t) are smooth mappings from R onto R3. Each line of

the form

Li={seR:X(s,t)=at)+sw(t)}

is called a ruling and the curve t — «(t) is called the directrix.

Obviously the parametric representation above may not be unique. Thus the

directrix and rulings are not uniquely determined.

Definition 2.22. A ruled surface is said to be developable if
(w(t) x w'(t)]e(t)) = 0.

for each t € R.

There are two kinds of developable surfaces. A ruled surface is said to be of
cylindrical type if the function ¢ — w(t) in the above parametrization is constant
(see Figure 4). A ruled surface is said to be of conical type if the function ¢ — w(t)

in the above parametrization is not constant (see Figure 5).

The next theorem will give a geometrical characterization of the graph of a

unique solution to (2.1) satisfying the assumption of Theorem 2.19.
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Theorem 2.23. Let p = (p1,p2,p3) and q = (q1, q2,q3) be linearly independent

vectors such that if

U1 = P2g3 — P3q2, V2 = P3q1 — P1g3, and vz = piga — Pa2g1,

then v? + v3 > 0. Suppose, moreover, that A = 0 over an open convex Q. Let E;
and Es be continuous functions on 2, u be a solution to (2.1), and ¢ be given by

(2.44). Then the graph G(u) of u is a developable surface of cylindrical type with

parametrization
(s5,t) = a(t) + sw(?),
where
’UQt —’l)1t
a(t) = ( , , Ot )
() v%-i—v% U%-i—vg d)()
and
U1 V2 U3
D= (G0, )
w(t) v2+ 02’ v 402 v + vl
Proof. Let

S(.T, y) =0T + 2y,

(2.45)
t(x,y) = V2Z — V1Y.
The inverse transformation is
’U2t + V18
x(sat) =5 3
v + V3
(2.46)
V9S8 — V1t
)= =0
y(s, ) ’U% T ,Ug

By (2.43) and (2.45),

U3
———S.
2 2

V] + V3

u(z(s,t),y(s, 1)) = ¢(t) +
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Hence, by (2.46),

vt + V1S v9s — U1t v
22T 2 ;,¢(t)+733).

b)
vI+02 7 2+ 02 v} + v2

(et ) = (

We thus see that G(u) can be parametrized in the form (s,t) — «(t) + sw(t),

where

’Ugt U1
( v + v} ( vl + v
()= | 72 and  w(t) vz
alt) = | —— n w(t)= | ——
v? + v2 v? + v2
(%3
\ s \_% )

Correspondingly, G(u) is a ruled surface. Observe that since t — w(t) is constant,

we have

(w(t) x w'(t)|a(t)) =0,
which shows that G(u) is a developable surface of cylindrical type. O

Theorems 2.19 and 2.23 and Corollaries 2.16 and 2.17 can be illustrated by

the following examples.

Example 2.24. Let p = (0,0,—1) and ¢ = (1,0,—1), and let Fy(z,y) = (1 —
2%)V/% and Fs(z,y) = [(1 — #2)'/2 — 2] /v/2. Consider the corresponding image

irradiance equations

1
=+/1—- 22
,/u%+u§+1

ugy + 1 _V1l-z2? -z
V2, /u2 +ul +1 V2

over an open convex subset Q of ¥ = {(z,y) € R? : -1 < z < 1/y/2}. Tt is easy

(2.47)

to verify that A = 0 over Q. Clearly, 0 = —(1 — 22)'/2 does not vanish over Q.
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By Corollary 2.16, there exists at most one solution u to (2.47) which, by (2.34),
satisfies
—x
Uy = ———— and Uy = 0.

V1—22

It now immediately follows that u(z,y) = (1 — £2)*/2 + ¢, where ¢ is an arbitrary
constant. In view of (2.35) and Corollary 2.17, u is of class C2.

An alternative way of finding w is to apply Theorem 2.19. Note that vy, = 0,
vy = —1, v3 = 0, and so (2.41) yields

—Z

(,y) = — b g
e == e

To describe geometrically the graph of u, note that, by Lemma 2.20,

¢(t) = V1-1t2,

up to a constant. Thus, by Theorem 2.23, the graph of u can be represented as a

=+1—-2z2+c.

developable surface of cylindrical type with parametrization
(s,t) = a(t) + sw(t),
where
alt) = (—t,O, 1 —t2)
and

w(t) = (0, —1,0)

(see Figure 6).

Example 2.25. Let p = (0,0,—1) and ¢ = (g1, g2, —1) with ¢? + ¢ > 0. Then
the plane formed by the graph of the function

u(z,y) =ax+by+c

generates two images E; and E, given over R? by

1
Ei(z,y) = NEC NSk
b 1
Ey(z,y) = 0 + 062 &

VE+ @+ Ve + 12+ 1
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Assume that aq; +bga+1 > 0 and consider the following system of image irradiance
equations over R?:

1 B 1
u2 +u2 +1 va? +b%+1

(2.48)
1z + Qauy + 1 B aq1 +bgz +1
VEF R+ iz +u2+1 Va+a+Ve+57+1

(i) Suppose first that

0 ¢ a

0 g b |=aga—bg =0.

-1 -1 -1
Clearly, A = 0 over Q and o = — (g} +¢3)(a® +b2+1)"/2 # 0. By Corollary 2.16,
u(z,y) = ax + by + ¢ is the only solution to (2.48). Consequently, the shape of
a plane whose normal lies in the plane spanned by the light-source vectors p and
q is uniquely determined by its images. Of course, such a plane is a developable
surface; this fact can be independently inferred from Theorem 2.23.

(ii) Suppose now that

0 (5} a
0 ¢ b |=ags—>bg #0. (2.49)
-1 -1 -1

Clearly, by (2.12), (2.48), and (2.49),

— ba)?
A:(a(h Q1) >0
a24+b2+1

and o = —(¢? + ¢3)(a® + b2 + 1)~/2 £ 0. Without loss of generality one may
assume that aga — bg; > 0. By Corollary 2.2, the equations (2.9) take the form

and
ym— W)+ 2% o be 1) 2000 _ g
q? + ¢3 T qi + ¢3

T
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The integrability condition (2.10) is obviously satisfied for each choice of sign
appearing therein. By Corollary 2.3, there exist exactly two solutions u* and u™

of class C? to (2.48). A straightforward calculation shows that
ut(z,y)=ax+by+c and u (z,y) = Az + By + C.

We thus see that the shape of a plane whose normal does not lie in the plane
spanned by the vectors p and ¢ is not uniquely determined. Note also that the
graphs of u™ and u~ have zero Gaussian curvature, whereas in general ut # u™+

const as, in general, condition (2.32) is not satisfied.

2.3. Case A >0

So far we have considered the cases in which A is either positive or vanishes
over a given domain €2. Now we shall treat the situation in which A is non-
negative. Our analysis will not be complete, as we shall confine ourselves to the
simplest cases concerning the topology of the zero set of A.

Assume that there exists at least one solution u of class C? to (2.1) and that
the functions E4, Fo appearing in these equations are continuous over 2. Suppose
that the set

{(z,y) € Q: A =0}

is a smooth curve I' such that Q\ I' = D; U D,, where D; and D, are disjoint
open subsets of  (on which, of course, A is positive). By Corollary 2.2, there
exist at most two solutions (ul,u?) to (2.1) of class C? over D; and at most two
solutions (u3,u3) to (2.1) of class C? over D,, respectively. We do not exclude
the possibility that u} = u? for either i = 1; or 4 = 2; or i = 1 and i = 2. Clearly,

the restriction of u to D; coincides with either u} or u? for ¢ = 1,2. Conversely,

suppose that for some ¢ and j (i,7 = 1,2) and some constant ¢

lim ') = li Jrod 0 _ i
(w’y’)eDl_’(m’y)GFUI(x’y) (x’,y’)eDlQH—l)(z,y)ePu?(x’y)+c 97 (z,y)

7
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and

out (z',y") aug (', y")

li e = li = §
(m’,y’)eDllm—>(ac,y)€F ox (w’,y’)EDl2H—l)(w,y)€F oz (:B’ y)’
lim oul (z',y) _ m Au (', y") = 0 (g, )
(¢',y')eD1—>(zy)el Oy (@' ,y')eD2—(zy)el Oy o
2 G (d ) 2 Jlo0 -
im Oui(e',y') _ lim T (@Y _ i (5. ),
(z'y')eDy—(z,y)el  Ox? (¢',y")€Ds—(z,y)el Oz
azuil(x,ay,) — lim 82ug($liyl) — wij(.’ﬂ y)
(z'y')€D1—(z,y)el  OY? (z'y')€D2—(zy)el  Oy? oY
im 82“%(37,’3/,) _ lim 82“%('77/13/,) _ Tij(.r y)
(z',y")eD1—(z,y)€T 83383} (z',y")ED2—(z,y)€ET 8m8y ’
exist for each (z,y) € I'. Set
Uzl(l',y) lf ("Bay)EDh
vij(z,y) = S 99 (z,y) if (z,y) €T, (2.50)

U‘;(.T,y)-l—C if ('/E7y) ED27
and suppose that for each (z,y) € T

8Uij($,y) — 6ij

9 (z,y),
ovij(z,y) ij

8y - 9 ($7y)7
0vij(z,y) ij
T oz2 P (xay)a

o4



8y2 = wW (1'7 y)7
82Uij(a:,y) _ 82Uij(~'177y) — Tij(.’L' y)
91y Oyox e

Then v;; is a solution of class C? to (2.1) over 2 and in such a case we say that
the functions u? and u% bifurcate along T in the class C?. It is clear that, up to
a constant, one can define in this way at most four solutions of class C? to (2.1)
over 2. Obviously, the case of three solutions cannot occur (see Corollary 2.31),
but, as we shall show below, in specific situations there may exist one, two, or

four solutions.

Example 2.26. Letp = (07 0; _1)7 q= (07 1/\/§a _1/\/5)7 E1<$7 y) = (1+x6)_1/27
and E(z,y) = [2(1 + xG)]_l/ ?. Consider the corresponding image irradiance

equations

1 1
u? +ul +1 V14 xf

(2.51)
1+ u, 1

V2, fui +u2+1  V2V1+ab

over any simply connected € C R? containing the line 2z = 0. Clearly

1 1
A=_—[1- >0
2< 1+x6>_

Let Q = Dy UDsUT, where

Dy = {(z,y) € Q: x>0},
Dy = {(z,y) € Q: 2z <0},
I'={(z,y) € Q:2 =0}

By Corollaries 2.2 and 2.3,

4 4
xXr I
U%(.@,y) = Z and U’%(xay) = _Z
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over D, and

xt x*
’U/%(.ﬁ,y) = Z and ug(x,y) = _Z
over Dy. Let
xt xt
U11($7y): Z7 U22($1y):_Z7
%4 if ($7y) € D17
vi2(z,y) = 4 0 if (z,y) €T,
_%4 if (-’E,y) ED2a
and

—% if(z,y) € Dy,
vo1(z,y) = 0 if (z,y) € T,

e if (z,y) € D-.
It is a matter of simple calculation to verify that the functions v11, v12, v21 and vgs
are of class C? over Q. Hence there are exactly four solutions of class C? to (2.51)
over (). Note that each solution u generates another solution of the form —u + c,
where c is a constant. As was shown in Corollary 2.11, this is only possible when
the Gaussian curvature vanishes, which here is the case (the graphs of all solutions

are developable surfaces). Note also that E; and Ej satisfy (2.32).

Example 2.27. Let vectors p, ¢ and functions F1, E5 be defined as in Example
2.4, and let Q be a simply connected domain of R? containing the line z = y. Let
D, = {<'/L.7y) x < y}a
Day ={(z,y) 1z >y},

I'={(z,y): z =y}

As was shown in Example 2.4, A vanishes along z = y and moreover

2 2
r°+y
up(z,y) =2y and  wui(z,y) = =
over D¢, and
2 2
r°“+y
up(z,y) =ay  and  uz(z,y) =~
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over Dy. Let

x? +y2
2 b

rmy if(.’E,y)EDl,

1111(33,3/) =Ty, ’Uzz(xay) =

va(z,y) = § ©° if (z,y) € T,
if (z,y) € D,

and

\
8
0
+
3
N

== if(z,y) € Dy,
v21(T,y) = { 22 if (z,y) €T,

L Y if (z,y) € D».
It is easy to verify that only the first two functions are of class C? over 2. Hence

there are exactly two solutions of class C? to (2.11) over .

Example 2.28. In all cases considered in Example 2.15, A vanishes along some

line in R2. Consider a convex open €2 containing the line where A vanishes. Then
Q=D UDyUT,

where Dq, Dy, and I' are defined as in Example 2.26 and 2.27. As was shown in

Example 2.15, there is only one solution v = ul = u? of class C? over D;, and

only one solution u = u} = u of class C? over Dy. Hence there exists at most
one solution over  given by (2.50). An easy verification shows that (2.50) defines
a solution of class C? to (2.1). We thus see that hemispheres, hemiellipsoids,

cones, volcano-like surfaces and mountainlike surfaces are uniquely determined by

two-source photometric stereo.

Now we shall show that, under the assumption that A > 0, if the set Q\I" has
more than two components, then the number of solutions to (2.1) may be greater

than four.

Example 2.29. Let p = (0,0,—1) and ¢ = (0,1, —1). Consider the functions
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3 1 3
uo(x,y) = % sin® - and  wui(z,y) = —% sin®

over Q = (0,1/m) xR. Clearly, for all (z,y) € Q\U;—, 'y, where I';, = {1/n7} xR

1
x

both functions ug and u; are of class C2. It is also easy to verify that uy and
uy are functions of class C? in an open neighbourhood of |J,—, I';, and moreover
Uiz = Uy = 0 on UZO=2 I',, for ¢+ = 0,1. The corresponding images F; and FEj
defined over (2 are

El(xay) = T T T

97y —1/2
1 1 1
1+<xzsin3——xcos—sin2—) ]} ]
T T T

Consider now the following system of two image irradiance equations:

97 —1/2
1 1 1
1+ <x2sin3——mcos—sin2 —) ] ,

Es(z,y) = {2

1
= El(l’,y),
\Juz+ul+1
(2.52)
1
uy+ =E2($,y)-

V2 /u? +ul +1

It is easy to verify that A(1/nm,y) = 0 for each n > 2. Let Qy = {(z,y) € Q:
1/31 <z < 1/}, and let

3
T 31 e 1 1
g sin” - if 5 <w < o,
_ . 1
'UOO(xay) =40 ifrx= o

3
T 31 1 1
3 sin” 2 if o <z < 5o,

(22 31 e 1 1
?SIHE lfﬂ<$<;,
_ . 1
v01(x,y) =40 ifzx= 50
3
z 31 e 1 1
[ —%sin” o if - <1z <5,
(2B 31 1 1
— % sin” 1fﬁ<$<;,
_ . 1
vio(z,9) =< 0 if x =5,
3
z 31 e 1 1
(sint g g <o <gn



. . 1 1
Tosin® o if o <z < o

3
_ . 1
’Ull(xay)_ 0 lf./L':ﬂ,
3
_z® gn3 1l e 1 1
3 sin” o 1f37r<:v<27r.

It is easy to verify that functions vgg, vg1, v19, and v1; are solutions of class
C? to (2.52) over Q. Proceeding by induction on n, given an integer n > 2 and
(41,25 .oy in_1) € {0,1}"71, let v;,4,. i, _, be the solution to (2.52) over Q, 1 =
(1/nm,1/m) x R constructed in the n — 1 step. For each (i1, ...,%,_1,%,) € {0,1}",

set 1 1
Uiln-in—l(x?y) if nn <z< )
B 1
Uiy ..ip_1in (xay) = 0 ifz = pogmp
Ui, (€, Y) if s < < -

Clearly, each v;,. ., is a C? class solution to (2.52) over €, and so there are in-

n

finitely many bounded solutions of class C? to (2.52) over 2 = (J,-_; 2, possessing

a continuous extension to the y-axis.

The last examples indicate that bifurcation in the class of C? functions may
or may not take place along the curve I', where A vanishes. In consequence,
the feasibility of gluing two solutions to (2.13) along I' affects global existence
and uniqueness results for two-image shape recovery. The next results establish

necessary and sufficient conditions for such a bifurcation to take place.

For the sake of brevity, the next theorem concerns only the case in which
one of the two light-source vectors is overhead and both vectors are normalized.
It can, however, easily be extended to the case of an arbitrary pair of linearly

independent vectors.

Corollary 2.30. Letp = (0,0, —1) and let ¢ = (q1, g2, g3) be such that ¢>+q¢2 > 0
and ||q|| = 1. Let E; and E5 be continuous functions such that the set {(z,y) €
Q: A =0} is a smooth curve I'. Suppose that Q\T' = Dy U Do, where Dy and

D5 are disjoint open subsets of ). Suppose, moreover, that for a pair of solutions
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(u,v) of class C* to (2.13) defined over Dy and D, respectively,

lim uxl’ ! :a.’L', ’ lim ’UCCI, ! :’l_)a?, 3

(2.53)

(um(x', y'), uy (2, y')), and (vw (', y"), vy (2, y'))

(w’,y’)Ell?ilIE)(w,y)EF (w’,y’)Ell?ig(w,y)EF
exist. Then there exists a constant ¢ such that the function
u(z,y) if (z,y) € Dy,
z(z,y) = u(z,y) if (z,y) €T,
v(z,y)+c if(z,y) € Dy

is a solution to (2.13) of class C* over Q.

Proof. First we show that for each (z,y) € T’

lim e ('), uy (2, 0))) = lim va(e' o), v (2, y')).
(ml,y/)eDl—)(x,y)eI‘( ( y) y( y)) (w’,y’)€D2—)(z,y)€F( ( y) y( y))

(2.54)
Let
li "y "y)) = 2.55
(w',y')eﬁfg(w,y)er(“w(x )yl y)) = (s 7a), (2.55)
li (2, y), ")) = (lg, ). 2.56
(w’,y’)eDllej»(w,y)eF(U (@9, (e, y)) = (o) (2.56)
Since u and v satisfy (2.13) over D and D, it follows that
. 1 . 1o
o lim = lim Eqi(z',y"),
(@"y)ED1—> (2 y)El | [y2 4 u + 1 (z'.y")€D1—(z,y)E€r
(2.57)
]_im q1Ug + Q2Uy — (g3 — ]_im E2 (.’L'I’ y/)
(2',y")€D1—(z,y)€T u2 +ul +1 (z',y")€D1—(z,y)€l
and
. 1 . ro
lim _ = lim Ei(«',y),
(@'y") €D (z.9)ET | [)2 1 v2+1 (2" y")eD2—(z,y)€l
(2.58)
lim s T 2ty — 43 _ lim Ey(a,y).
(@)D @mEr  f2 g2 4] @ w)ED (oy)er
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Combining (2.55) and (2.56) with (2.57) and (2.58), we get
1

———=F x,Y),
ri4+ri+1 (9)
(2.59)
q171 :Q2’f‘22 — 43 _ Bz, y)
ri+1r5+1
and
__ ' By
EyiZ+1
(2.60)
l1 + qaly —
q1i1 L Q222 qs :Ez(a:,y).
VE+E+1
Now (2.59) implies that
Q11+ gare = E(Jf, Y), (2.61)
where
~ E2( ,
E x, = + g3,
( y) E1( 7 ) 3
and (2.60) yields
gili + g2l = E’(x, Y)- (2.62)

Note that since functions F; and F, are continuous, it follows by (2.3) that A is

continuous. Therefore,

lim Az, y') = A(z,y) = 0.
(o e o per (=, y') = Az, y)

This together with Lemma 2.5 yields

ga2T1 = q17T2 and lqu = l2Q1. (263)

By multiplying (2.61) and (2.62) by ¢» and taking into account (2.63), we get
(4 + a3)r2 = @2 E(z,y),
(@ + @)z = g2 E (=, y).

Hence, clearly, ro = Is.

Similarly, multiplying (2.61) and (2.62) by g2 and taking into account (2.63),
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we easily conclude that r; = [;. This completes the proof of (2.54).

We now claim that the function h = ¥ — u is constant. Let A and B be
two different points in I'. Let [0,1] 3 t — v(¢) = (z(¢),y(t)) be a C! class
parametrization of I' such that v(0) = A and v(1) = B. Let A,, and B,, in D; be
such that

lim A, =A and lim B, = B. (2.64)

n—0o0 n—0o0

For each n € N, let v, be a smooth curve in D; joining A, and B, with C!
class parametrization [0,1] 3 ¢ = Y, () = (zn(t),yn(t)) such that v,(0) = A,,

Yn(1) = By, and
lim &, (t) = @(t),

n—00

(2.65)

lim g, (¢) = ¢(t)

n—00

with uniform convergence in ¢ running over [0, 1]. Now
1
u(Bp) —u(An) = / [ux (l'n(t)a yn(t))j;n(t) + Uy (.’I:n(t), yn(t))yn(t)] dt,
0
so by (2.53), (2.64), (2.65), and Lebesgue’s dominated convergence theorem,
1
w(B) — u(A) = / [r1d(t) + ragy(t)] dt. (2.66)
0

Similarly,

3(B) — 5(A) = /0 [l (t) + Loy (8)] dt. (2.67)

Combining (2.66), (2.67) and the fact that r; =y and ro = I3, we get
h(A) = v(A) — u(A) = v(B) — u(B) = h(B).

This establishes the claim.
Now it is clear that with ¢ = @ — v the function z is continuous. Since u and

v are of class C! over D; and D,, respectively, then to prove that z is of class C?,
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it suffices to prove that z is of class C' on I'. This, however, immediately follows

from (2.54) and the continuity of the function z. O

The above theorem shows that, generically, bifurcation in the class of C*
functions of the two solutions to (2.6) along a smooth curve I' (where A = 0) is
feasible. The next two corollaries will additionally give necessary and sufficient
conditions for a bifurcation to occur in the set of functions of class C2. Moreover,
Corollary 2.31 shows that in the case when €2 is divided by a smooth curve I' along
which A vanishes the number of global solutions of class C? to (2.13) cannot be

three.

Corollary 2.31. Letp = (0,0,—1) and let ¢ = (q1, g2, q3) be such that ¢2+q¢3 > 0
and ||q|| = 1. For a given pair of continuous functions E; and E, defining system
(2.13), suppose that the set {(z,y) € Q@ : A = 0} is a smooth curve I" such that
Q\T = Dy U D,, where Dy and D, are disjoint open subsets of ). Suppose that
there exist two different solutions u and 4 of class C? to (2.13) over D1, and two
different solutions v and 9 of class C? to (2.13) over D,, respectively, such that
the pair (i, v) satisfies (2.53). Let

z,y) = lim u(z',y') = lim v(z',y").
9(:9) («',y")€D1—(z,y)€T (@9) (z',y")€D2— (z,y)€T (@9)

Suppose, moreover, that, for some constant cy, the function

u(z,y) if (z,y) € Dy,
z(z,y) = § 9(z,y) if (z,y) €T,
v(z,y)+c1 if (z,y) € Do

is of class C? over ). Let

h(z,y) = lim a(z',y) = lim (2, ).
(@9) (z',y")€D1—(z,y)€T @9 (z',y")€D2—(z,y)€T (@.v)
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Then, for some constant ¢y, the function

ﬁ(ac,y) if (xay) € Dla
2(z,y) = § h(z,y) if (z,y) €T,
0(z,y) +co if (z,y) € Do

is of class C? over ().

Proof. By Corollary 2.30, it is enough to show that the function Z has continuous
second-order partial derivatives over Q. As functions @ and 9 are of class C? over
D1 and D, respectively, it suffices to show the existence and continuity of second-
order partial derivatives of the function Z on I'. Let (z,y) € T be an arbitrarily

fixed point. Since u and v bifurcate along I' in C? class, we get the following:

lim Ugz (2, Y)) = lim Vez (2, 1) = 242 (2, y) = a,
(/,y")€D1—(x,y) €T w2 (@) (/,y")€Da— (x,y) €T 02 (@, Y) = 7o (@:9)

lim Uyy (2, y) = lim Uy (2, Y)) = 24y (2, 9) = b,
(@',y")€D1—(x,y) €T (@) (',y")€Da— (x,y) €T w(@Y) = 2y (7, )

lim Ugy (2, y) = lim Vey (2, 1Y) = 240 (2, y) = C.
(«',y')€D1—(x,y)€T o(@, ) (/,y")€Da— (x,y) €T oy (@ Y) = Zey(2,9)

(2.68)
By Lemma 2.6, for each (z',y') € D,

2q1Q2uy(xla yl) B (q% - Q%)uw (xlﬂ yl)
i + 43

ﬁz (33,, yl) =
and
~ (.’E’ yl) _ QQ1Q2U’$(:E,’ yl) - (Q% - q%)uy(x’, yl)
o @ + a3

Similarly, for each (z',y') € Ds,

2q1q2vy(a:’, y,) - (qg - Q%)vw (.’E’, yl)
i + 45

ﬁm (-’Ela y,) =

and

- (SCI yl) — 2qlq2’l)$($l, yl) B (Q% - q%)vy(a:', yl)
’ i + 43
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Hence, for each (2',y’) € Dy,

2¢1 G2ty (2, y') — (63 — ¢3)uge (2, y')
ai + g3

a:m; (.ﬁ’, y,) = )

2q192uay (7', y') — (67 — 43)uyy (2, ") (2.69)
@+ ’

'&'yy (wla yl) =

2Q1Q2“yy($lv y') — (q% - Q%)“wy(xla y')
qi + 43

Uy (7', y") =
Analogously, for each (z',y’) € Do,

2¢1q20ys (', y') — (43 — ¢}) Vs (7', ')
d+aq:

@ww(xla yl) = 3

R 20120y (7', y") — (g3 — q3)vyy (', Y
'Uyy(xlg y/) — wy( )q2 —}(_ ;2 2) yy( )7 (2.70)
1 2

2014204y (2", y') — (63 — a})vay(2', y))

3 +a3

Uy (', y") =

Taking into account (2.68), (2.69), (2.70), and the fact that the mixed derivatives

of functions v and % over D1, and v and ¥ over Dy coincide, we get

_ 2q1q2¢— (g5 —qi)a

lim Uz (2, ) = = lim bz (2, Y,
(2" y")eD1—(z,y)el a7 ¥) i + 43 (¢',y")€D2—(z,y)€T 22(T,4)

lim Uyy (2, y') = 2q192¢ — (41 — 5)b = lim Doy (2, 9")
(' y)ED1~(zy)er 0 4 + ¢ (@' y)eDa—(zy)er 0 7T

lim Uge (2 y') = 20192b — (4% — g3)c = lim Vg (2’ y)
(z',y')eD1—(z,y)€T s (J% +Q§ (z',y")€D2—(z,y)€T peAT

Hence, 4 and ¢ bifurcate along I' in C? class and the function 2 is of class C2. [

We now establish the following:

Corollary 2.32. Letp = (0,0,—1) and let ¢ = (q1, g2, q3) be such that g2+q¢2 > 0

and ||q|| = 1. For a given pair of continuous functions E, and E, defining system
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(2.13), suppose that the set {(z,y) € Q@ : A = 0} is a smooth curve I' such that
Q\T = Dy U Dy, where Dy and D are disjoint open subsets of ). Assume that
there exist two different solutions of class C? to (2.13) over Dy and two different
solutions of class C? to (2.13) over Dy, respectively. Let u be a solution over Dy
and v be a solution over D4 such that

Wz, y) = (m’,y’)eglrri)(:n,y)eI‘u(x,’ v) = C% )ezlalﬂ(m,y)er v(@y) + e,

for some choice of constant c. Assume, moreover, that u and v satisfy (2.53). If

g2 — q2 # 0, then the function

u(z,y) if (z,y) € Dy,
z(z,y) = { h(z,y) if (z,y) €
v(z,y)+c if (z,y) € Dy

)
is of class C? over Q if and only if, for each (z,y) € T,

lim u xla = lim v $'7 / ,

b e ") = e per oY)
(2.71)

lim U xla = lim v 3;” ! .

(z',y")ED1—(z,y)€T yy( ) ) (@' ,5")EDa— () €T yy( Yy )

If ¢2 — ¢2 = 0, then the function z is of class C? over Q if and only if, for each
(z,y) € T, either

li ooy = li roo
(wl’yl)eDlln_l’(wyy)EF tae (x e ) (z'y' )EDlgn—l>(w,y)€F Ve (33 Y )7
(2.72)
li ooy = li .
e aebrsener Y = G enit e V)
or o .
; ’ - li 3 )
(w’,y’)EDllrg(w,y)eF Yyy (" y') ($’7y’)€D12H—1>($,y)EF Uyy (=", y")
(2.73)
li " N — li /’ .
(w”y’)eﬁﬂ(w,y)efuwy(aj v) = (z',y' )eDlzn—l>(x,y)er Vay (27 Y')

Proof. By Corollary 2.30, it is enough to show that the function z has continuous

second-order partial derivatives over Q. Since u and v are functions of class C?
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over D, and Ds, respectively, it suffices to show the existence and continuity of
second-order partial derivatives of z on I'.
Necessity is immediate. To show sufficiency, consider first the case where

g2 — q3 # 0. Let (z,y) be a point in I". Taking into account (2.71), let

lim Uge (2, Y)) = lim vez (2, y) = a,
(z',y")ED1—=(z,y)ET oo (@, Y) (z',y")ED2—(z,y)ET za (2, Y)

lim Uyy (2, y) = lim vou (@) = b.
(z',y') €Dy —(z,y)€T yy( Y ) (' y")EDs— (2,y)€T yy( Yy )

In view of the fact that the mixed derivatives of u over D, and v over Dy coincide,

it is enough to show that

lim Ugy (7', ) = lim Ve (1), 974
(z',y")ED1—(z,y)€T y( y) (z',y")ED2— (z,y)ET y( y) ( )

Since both u and v satisfy (2.14), it follows that for each (2/,y’) € Dy

q1492
a4} — 43

(umz - uyy) =Ugy

and for each (z/,y") € Do

q192
2 2 (Vgz — Uyy) =Vay-
q7 — 43
Hence
. q192 .
lim Ugy (2, y) = a—0b)= lim Ve (2, Y.
(' ,y')€D1— (w,y)€T ov(#9) q%—q%( ) (¢’ ,y') € Da—(z,y)€T ASAED

Thus we get (2.74) which implies that the functions v and v bifurcate along I" in
class C2.
Assume now that g2 — ¢2 = 0 and, moreover, assume the validity of (2.72).

Let (z,y) be a point in I' and let

lim Ugz (2, y)) = lim vez (2, y) = a,
(2! y")eD1—(z,y)€L w27 ¥) (z',y")€Da—(z,y)€l e (@)

lim Ugy (2, y) = lim e (@', y') = b.
(z',y")€D1—(z,y)€T zy( Y ) (z',y')eD2—(z,y)el zy( Y )
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By the previous argument, it is enough to show that

i 'y = i 10 ] 275
($I7y’)€Dl1H—l>(a;,y)e[‘ Uyy (37 Y ) (m’,y’)EDlgIg(m,y)E[‘ ’Uyy(ﬂﬁ , Y ) ( )

Since both u and v satisfy (2.14), we now have that for each (z',y’) € Dy

Uzz = Uyy
and for each (2/,y’) € Do

Vgg = Uyy.
Finally, (2.75) follows upon noting that

lim u 3717 N = a = lim v 217’, / ]
(z',y')eED1—(z,y)el yy( y ) (z',y")ED2—(z,y)ET yy( Yy )
Thus u and v bifurcate along I' in class C2.

The case when (2.73) holds is treated analogously. [

We now formulate a proposition whose proof will be omitted as it is similar

to that of Corollary 2.32.

Proposition 2.33. Let p = (0,0,—1) and let ¢ = (q1, g2,93) be such that ¢3 +
g3 > 0 and ||q|| = 1. For a given pair of continuous functions E; and E, defining
system (2.13), suppose that the set {(z,y) € Q@ : A = 0} is a smooth curve T
such that Q\ T = Dy U Dy, where Dy and D, are disjoint open subsets of €.
Assume that there exist two different solutions of class C? to (2.13) over Dy and
two different solutions of class C? to (2.13) over D, respectively. Let u be a

solution over D, and v be a solution over D4 such that

Mo = e e V) T b o per 'Y H O
for some constant c. Assume, moreover, that u and v satisfy (2.53). If q1q2 # 0,
then the function
u(z,y) if (z,y) € Dy,
z(z,y) = § hz,y) if (z,y) € T,
v(z,y)+c Iif (z,y) € Dy
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is of class C? over  if and only if, for each (z,y) € T, either

lim Ugz (2, Y)) = lim Ve (2 1)),
(z',y")€D1—(z,y)€T el V) (z',y")€D2—(z,y)€T oo (75 Y)
lim Ugy (2, Y) = lim Ve (1),
(z',y')ED1—(z,y)ET o (@ Y) (z'y')EDa— (z,y)€ET ay (@ Y)
or o .
lim Uy (7, = lim vy (2, Y),
(z',y")eD1—(x,y)€T yy( y ) (z',y")EDy—(z,y)ET yy( Y )
lim Ugy (2, Y) = lim Ve (@', Y').
(z',y")€D1—>(z,y)€T xy( y) (z',y"YeDa—(z,y)€T xy( y)

If gig» = 0, then the function z is of class C? over Q if and only if, for each
(z,y) €T,

lim Ugz (2, y') = lim Ve (2 1),
(z',y")€D1—>(z,y)€T wa(':¥) (z',y")€D2—(z,y)€T e (75 )
lim Uyy (2, y") = lim v (@', ).
(wl’y’)eDl_)($,y)€F Z/ZI( y) (m’,y’)EDz—)(w,y)eI‘ yy( y)

The next and last corollary formulates neccessary and sufficient conditions
for two solutions of class C2? to (2.13), defined over D; and D,, respectively,
with graphs having zero Gaussian curvatures to bifurcate along I in C? class and
satisfy one of the representation conditions (2.25), (2.26), (2.27), or (2.28) from

Proposition 2.13.

Corollary 2.34. Letp = (0,0, —1) and let ¢ = (q1, g2, g3) be such that ¢>+q3 > 0
and ||q|| = 1. For a given pair of continuous functions F, and Es defining the
system (2.13), suppose that the set {(z,y) € @ : A = 0} is a smooth curve T.
Suppose, moreover, that Q \ T' = Dy U Dy, where Dy and D, are disjoint open
subsets of Q. Assume that there exist exactly two solutions of class C? over D,
and exactly two solutions of class C? over Do to (2.13) such that the graph of any
of those solutions has zero Gaussian curvature. Then, retaining the notation from

Proposition 2.13, if q1q2 = 0, then the pair

u(z,y) = az + b+ Y(y), v(7,y) = a17 + by + ¥1(y)
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bifurcates along T’ in C? class if and only if

lim "(y) = lim T(y);
(z',y")ED1—(z,y)€T (z',y")eDy—(z,y)€T ,(/)1 (y)
the pair
u(z,y) = ¢(z) + cy + d, v(z,y) = a1z + by + ¥1(y)
bifurcates along T’ in C? class if and only if
].im /! = ]_' " — 0;
waebBener® O T @b emner 1Y

the pair
u(z,y) = ¢p(z) + cz +d, v(z,y) = ¢1(z) +c1 + dy

bifurcates along T in C? class if and only if

1' 1" — 1 " .
(.1:’,y')EDI1H—1>(:1:,@/)€I‘gzs (m) (a:’,y’)EDlgn—l)(w,y)EI‘ 1(1‘)’
and the pair
u(z,y) = az + b+ P(y), v(z,y) = ¢1(z) + 1y + da

bifurcates along I' in C? class if and only if

lim " = lim "(2) = 0.
($’,y’)€D1—>(w,y)€F¢ ) (z',y")ED2y—(z,y)€T 1(2)

If, in turn, q1q2 # 0, then the pair

w(z,y) = a(iz+q2y) +o+Y(y—q2x), v(z,y) = a1(q1z+q2y)+bi1+¢1 (q1y—q27)

bifurcates along I' in C? class if and only if

lim " — 1) = lim 1 — q27);
(wl,y')€D1—)($,y)€Fw (QIy 2 ) (z',y')€Dy—(z,y)€T 1(QIy 42 )

the pair

w(z,y) = d(qrr+qy)+ce(qry—qez)+d, v(z,y) = ar1(qrx+q2y)+b1+¢1(q1y—q27)
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bifurcates along T’ in C? class if and only if

lim "qrx + = lim " — qoz) = 0;
(ﬁ’,y’)€D1—)($,y)ep¢ (QI Q2y) (w’,y’)EDz—)(w,y)erl ((]13/ q2 )

the pair

u(z,y) = d(qrz+qy)+c(qry—gex)+d, v(z,y) = ¢1(qrr+92y)+c1(qry—gex)+d1

bifurcates along T' in C? class if and only if

lim "(z) = lim "(z);
(z’ay’)e-Dl_)(wvy)el—‘q5 ( ) (m’,y’)EDQ—)(QE,y)EP 1( )

and the pair

w(z,y) = a(qz+qy) +b+v(q1y—gex), v(z,y) = ¢1(12+q2y)+c1(G1y—q27)+d;

bifurcates along I' in C? class if and only if

lim =" — o) = lim "(g1x + = 0.
wanebiseper L B TED = B o gyer PO T 02Y)
The proof is elementary and as such is omitted. Note that, in view of Corol-
lary 2.30, the constants a, b, c,d, a1, b1, c1, and d; are chosen in such a way that

each pair (u,v) bifurcates along ' in C? class.

The last two corollaries can be illustrated by the following example.

Example 2.35.

(i) The functions v12 and ve; from Example 2.27 are not of C? class along I’
since neither condition (2.72) nor condition (2.73) from Corollary 2.32 are satisfied.
However, the functions v1; and ey are of class C? along I since (2.72) and (2.73)
are satisfied.

(ii) The functions v11, v12, v21, and vyy from Example 2.26 are all of class C?

along I" as the sufficient condition

1‘ 1! — 1- 1! ,
(z',y')eﬁln—1><x,y)er¢ (@) (2'37)€ Dams (ay) €T #1()
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from Corollary 2.34, is satisfied.

2.4. Impossible shading in two-source photometric stereo

Finally, we discuss the issue of impossible shading for two-source photomet-
ric stereo. To determine such shading, we require a combination of F;, E53, p, and
g for which there is no solution to (2.1) corresponding to a genuine shape, that
is, a shape of class C? possessing a continuous extension over the boundary 0.
The last constraint implies that u is bounded over Q (we obviously assume that
the closure of € is compact). In the last example we reveal different quadruplets

Eq, Es, p, q yielding impossible shading.

Example 2.36.

(i) Assume that at least one of the functions (E7, Es) takes at least one value
greater than 1. Then by the Cauchy-Schwartz-Buniakowski inequality there is no
function u of class C! satisfying equation (2.1).

(ii) Assume that continuous functions F;, Fy and linearly independent vec-
tors p, g generate the system (2.1) over some region 2 in such a way that either A,
defined by (2.3), is negative at least at one point in Q, or both ¢ and o, intro-
duced in Corollary 2.3, are negative at least at one point in 2. Then, by Theorem
2.1, there is no algebraic solution (u,,u,) to the system (2.1). In particular, there
is no function wu satisfying (2.1). Hence, the above brightness patterns (E7, Fs)
could not be the images of any smooth Lambertian surface.

(iii) Let p = (0,0,—1) and ¢ = (0,1,—1) and let Ey(z,y) = =(1 4+ 2?)~1/2
and Es(z,y) = z[2(1 + 3:2)]_1/ 2. Consider the corresponding image irradiance

equations
1

x
u?,;—l—u?/-l—l Va2 +1

(2.76)
1+ u,

x
V2, fui +u2 41 V2Vl +1
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over any simply connected Q = {(z,y) e R?: 0 <z < 1, 0 < y < 1}. Clearly,
1
=2 > 0.
By Corollary 2.2, there exist at most two solutions u™ and u™ over € satisfying

system (2.76). An easy verification shows that
ut(z,y) =Inz and wu (z,y) = —Inx.

Obviously both these functions are unbounded over €2 and as such do not cor-
respond to any physically realisable shapes. Note that if vector p is overhead,
llp|| = |lg|| = 1, and A > 0, then Theorem 2.10 assures that either both solutions
are bounded or both are unbounded. Such a dichotomy occurs neither in the
case of a single-overhead-source problem (see [3]), nor in the case when A > 0 in
two-source photometric stereo (an easy modification of Example 2.29 provides a
desired counter-example).

(iv) Assume that the vectors p and ¢ are as in Example 2.29. Consider the
functions

1 1
u(z,y) = sin® - and uy(z,y) = —sin® -

over Q@ = {(z,y) € R? : 0 < x < 1/7}. By repeating the construction from
Example 2.29, we can only generate, over {2, unbounded solutions or bounded
solutions admitting no continuous extension on the boundary. Of course, any
such solution cannot represent a physically realisable surface. Moreover, we get
an example in which there are bounded and unbounded solutions to a two-source
photometric stereo problem.

(v) Assume that p = (0,0,—1) and ¢ = (0,1,—1). Consider the pair of

continuous images

.z;—{—l ifz >0,

E1($7y):
1 if 0
Ve 1<l
Vv iz 20,

E2($7y):
vivem e <0,
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and the corresponding system of image irradiance equations

(1 :
e if £ >0,