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Summary. This paper* looks at the problem of approximating the length of the
unknown parametric curve v : [0,1] — IR™ from points ¢; = (¢;), where the param-
eters ¢; are not given. When the ¢; are uniformly distributed Lagrange interpolation
by piecewise polynomials provides efficient length estimates, but in other cases this
method can behave very badly [15]. In the present paper we apply this simple
algorithm when the ¢; are sampled in what we call an e-uniform fashion, where
0 < e < 1. Convergence of length estimates using Lagrange interpolants is not as
rapid as for uniform sampling, but better than for some of the examples of [15]. As
a side-issue we also consider the task of approximating v up to parameterization,
and numerical experiments are carried out to investigate sharpness of our theoret-
ical results. The results may be of interest in computer vision, computer graphics,
approximation and complexity theory, digital and computational geometry, and
digital image analysis.

1 Introduction

Recent research in digital and computational geometry and image analysis
concerns estimation of lengths of digitized curves; indeed the analysis of dig-
itized curves in IR? or IR® is one of the most intensively studied subjects in
image data analysis. This paper contributes to this topic by showing that
there are possible improvements in convergence speed compared to all known
methods in digital geometry, however, based on sampling of curves (as com-
mon in approximation theory) compared to digitization (as common in digital
geometry).

A digitized curve is the result of a process (such as contour tracing or
2D thinning extraction) which maps a curve v (such as the boundary of
a region) onto a computer-representable curve. An analytical description of
7 :10,1] = R? is not given, and numerical measurements of points on + are
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corrupted by a process of digitization: v is digitized within an orthogonal grid
of points (#, Z), where i, j are permitted to range over integer values, and
m is a fixed positive integer called the grid resolution.

Depending on the digitization model [9], v is mapped onto a digital curve
and approximated by a polygonal curve 4,, whose length is an estimator for
d(~y). This is a standard approach for approximating a digital curve with re-
spect to geometric analysis tasks. However, different smooth approximations
(e.g. snake model) are used in image analysis as well, where the convergence
analysis with respect to geometric figures is omitted. Approximating poly-
gons 4, based on local configurations of digital curves do not ensure multi-
grid length convergence, but global approximation techniques yield linearly
convergent estimates, namely d(v) — d(¥m) = O() [1], [11], [12] or [20]. Re-
cently, experimentally based results reported in [4] and [10] confirm a similar
rate of convergence for v C IR®. In the special case of discrete straight line
segments in IR? a stronger result is proved, for example, [6], where O(ﬁ)
order of asymptotic length estimates are given. In Theorems 1 and 2 pre-
sented in this paper the convergence is of order at least O(—r) and O(z)
when 0 < € < 1, respectively.

For k > 1, consider the problem of estimating the length d(v) of a C* reg-
ular parametric curve v : [0,1] — IR" from m + 1-tuples Q = (go,q1,-- -, qm)
of points g; = y(¢;) on the curve . The parameters t; are not assumed to be
given, but some assumptions are needed to make our problem solvable. For
example, if none of the ¢; lie in (0, %) the task becomes intractable. The prob-
lem is easiest when the ¢; are chosen in a perfectly uniform manner, namely
t; = L (e.g. see also [14] or [21]). In such a case it seems natural to estimate
~ by a curve ¥ that is piecewise polynomial of degree r > 1. We prove first
in this paper:

Theorem 1. Let v be C"t2 and let t; be sampled perfectly uniformly. Then
there exists piecewise-r-degree polynomial 5, determined by Q such that d(7) =
d(vy) + O(ﬁ), where p is 1 or 2 according as r is odd or even.

As usual, O(g(m)) means a quantity whose absolute value is bounded by some
multiple of g(m) as m — oco. We are principally concerned with non-uniform
sampling. More precisely

Definition 1. For 0 < € < 1, the t;’s are said to be e-uniformly sampled
when there is an order-preserving C* reparameterization ¢ : [0,1] — [0,1]
such that t; = ¢(£) + O(—15=).

Note that e-uniform sampling arises from two types of perturbations of
uniform sampling: first via a diffeomorphism ¢ : [0,1] — [0,1] combined
subsequently with added extra distortion term O(—1). In particular, for
¢ =id and € = 0 (¢ = 1) the perturbation is linear i.e. of uniform sampling
order (quadratic), which constitutes asymptotically a big (small) distortion
of a uniform partition of [0,1]. The extension of Definition 1 for € > 1 could

also be considered. This case represents, however, a very small perturbation
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of uniform sampling (up to a ¢-shift) which seems to be of less interest in
applications.

Lagrange estimates of length can behave badly for 0-uniform sampling
(the more elaborate algorithm of [15] is needed for this case), but for 0 < ¢ <1
we prove the following, using piecewise-quadratic Lagrange interpolants Q°
(see Section 4).

Theorem 2. Let the t; be sampled e-uniformly, where 0 < € < 1, and sup-
pose that k > 4. Then, there is a function*™ 7, determined by Q, such that
dF) = d(7) + O(5=)-

Whereas Theorem 1 permits length estimates of arbitrary accuracy (for r
sufficiently large), Theorem 2 refers only to piecewise-quadratic estimates,
and accuracy is limited accordingly. The interest in this (the main result of
the present paper) lies in the non-uniform distribution of the unknown pa-
rameters t;’s. The proofs of Theorems 1 and 2 also permit uniform estimates
of v up to reparameterization. Note that the construction of the piecewise-r-
degree polynomial interpolant P/ including Q¢ (see Sections 3 and 4) requires
neither the explicit knowledge of v nor of the parameters ¢; (each P? is con-
structed over a uniform local grid in s € [0,r]; for Q% over uniform grid in
[0,2]). The latter are used merely to compare d(vy) with d(¥) and ¥ with
v, respectively. More specifically, in order to prove Theorems 1 and 2 both
global and local t- and s-parameterizations shall be used. On the other hand,
the explicit construction of the interpolant P} (or Q") approximating vy (and
thus d(v)) resorts exclusively to the local parameterization.

For these results Q arises from uniform or e-uniform samplings as opposed
to digitization. So strict comparisons cannot be made. Our results seem rel-
evant to digital and image geometry nonetheless for the following reasons.
They provide comparisons with the interpolation and indicate potential prob-
lems which might arise in digitization based on non-uniform distribution of
t;. Moreover, they show that using piecewise Lagrange polynomial approach
to estimate length of a digiztized curve 4 may not always be appropriate.
Finally, as a special case we provide upper bounds for optimal rates of con-
vergence when piecewise polynomials are applied to the digitized curves. Re-
lated work can also be found in [2], [3], [7], [8], [17], and [19]. There is also
some interesting work on complexity [5], [18], [22], and [23].

2 Sampling and Curves

We are going to discuss different ways of forming ordered samples 0 =ty <
t1 < ta < ... <ty =1 of variable size m + 1 from the interval*** [0, 1].
The simplest procedure is uniform sampling, where t; = # (where 0 < i <
** See section 4 for details.
*** In the present context there is no real gain in generality from considering other
intervals [0, T'].
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m). Uniform sampling is not invariant with respect to reparameterizations,
namely order-preserving C* diffeomorphisms ¢ : [0,1] — [0, 1], where k > 1.
A small perturbation of uniform sampling is no longer uniform, but may
approach uniformity in some asymptotic sense, at least after some suitable
reparameterization. The e-uniform sampling in Definition 1 of the previous
Section is a possible example of such perturbation. Note that ¢ and the
asymptotic constants are chosen independently of m > 1, and that e-uniform
implies §-uniform for 0 < ¢ < e. Uniform sampling is e-uniform for any
0 < e < 1. At the other extreme are examples, where sampling increments
t; — t;—1 are neither large nor small, considering m, and yet sampling is not
e-uniform for any 0 < ¢ < 1:

2i—1

Ezxample 1. Set t; to be # or == according as ¢ is even or odd. Then
(1/2m) < t; —t;—1 < (3/2m) for all 1 < 4 < m and all m > 1. Thus
sampling is O-uniform. To see that sampling is not e-uniform for £ > 0 as-
sume the opposite. Then, for some C" reparameterization ¢ : [0,1] = [0,1],
bi1 =t = ﬁ = ¢ (5) — ¢ () + O(iw) and tiyn — tiy1 = 5 =
¢ (22) — ¢ (1) + O(15=)- By the Mean Value Theorem

1 _ e 1 A ) 1

— = i) 4 o = 2 +O(m1+s), (1)

2m m mlte ), 2m m

for some £ € (i,l) and g™ e (L, £2) Pixing  and increasing m,

¢' (€™ 5 ¢/(0) and ¢/ (€™) — ¢/(0). On the other hand, by (1), ¢'(£™) —
1/2 and ¢'(&\™) — 3/2: a contradiction.

2

Let || -|| be the Euclidean norm in IR™, where n > 1, with < -, - > the cor-
responding inner product. The length d(v) of a C* parametric curve (k > 1)
v :[0,1] = R"™ is defined as d(y) = fol [|[7(t)||dt, where 4(t) € R™ is the
derivative of «y at ¢ € [0,1]. The curve 7 is said to be regular when 4(t) # 0,
for all t € [0,1]. A reparameterization of +y is a parametric curve of the form
v o :[0,1] = IR", where ¢ : [0,1] — [0,1] is an order-preserving C* dif-
feomorphism. Clearly, vy o ¢ has the same image and length as «. Let v be
regular: then so is any reparameterization yo. The curve v is parameterized
proportionally to arc-length when ||¥(t)|| is constant for ¢ € [0, 1]. We want to
estimate d(v) from ordered m + 1-tuples Q = (qo,q1,¢2, - - -,qm) € (R™)™T,
where g; = v(t;), whose parameter values t; € [0, 1] are not known but sam-
pled in some reasonably regular way: sampling might be e-uniform for some
0 < ¢ < 1. e-uniform sampling is invariant with respect to C* reparameter-
izations 1 : [0,1] — [0,1]. So suppose, without loss of generality, that ~y is
parameterized proportionally to arc-length.

We close this section with Figure 1 indicating why arbitrary sampling and
piecewise-quadratic Lagrange interpolation (see Section 3) in most cases gives
poor estimates for d(vy) (and indeed for ). In Figure 1 only the uniform data
yields reasonable approximations. In the next sections we show that some
kinds of non-uniform sampling also give good approximations.
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Fig.1. Absolute errors E = |7 — d(7)| for a unit semicircle approximated with

the piecewise-quadratic interpolant 4: (a) For perfectly uniform sampling £ =
0.00362662. (b) For 0-uniform sampling (where ¢; = £ for i even and t; = ¢ — 75
for 1 0dd; 0 < ¢ < 6) E = 0.323189. (c) For some random sampling E = 0.22992.

(d) For another random sampling E = 0.15394.

3 Uniform Sampling

We first consider length estimates of v in the easier case, where the t;’s are
sampled perfectly uniformly: t; = £ (with 0 < < m). Suppose k =r + 2,
where r > 1, and (without loss of generality) that m is a multiple of r.
Then Q gives Tt r 4 1-tuples of the form (qo,qi,.--,4r), (@ @rs1,---,0r),
e {@m—ry @m—r+1,---,qm)- The j-th r + 1-tuple is interpolated by the r-
degree Lagrange polynomial P,?_ : [0,r] & R"™, here 1 < j < T Pi(0) =
qGi—1yr, PZ(1) = qi—1)r41,- - -,P(r) = gjr. Note that P/ is defined in terms
of a local variable s € [0,r]. Recall Lemma 2.1 of Part 1 of [13]:

Lemma 1. Let f : [a,b] = R" be C, wherel > 1 and assume that f(to) = 0,
for some ty € (a,b). Then there exists a C'~1 function g : [a,b] — R" such
that f(t) = (t — to)h(t).

The proof of Lemma 1 shows that g = O(Z—’;). If f has multiple zeros ty <
t1 < ...<ty then k + 1 applications of Lemma 1 give

f@) =t —to)(t —t1)(t —t2) ... (¢ = t)h(2), 2)

where h is C'=(+1) and h = O(%2=L).
Assuming that v is C™*2 (i.e. k = r + 2) we are now going to prove The-
orem 1, where estimation of d(vy) is based on piecewise-r-degree polynomial
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interpolation. For each j-th r-tuple consider the interpolating polynomial Py.
Let 9 : [t(j_1)r,tjr] = [0,7] be the affine mapping given by ¥ (t(;_1),) = 0
and ¢(t;j;) = r, namely 9(t) = mt — (j — 1)r. Thus 4(t) is identically m
(a diffeomorphism). Note that since both intervals [t(;_1),,;-] and [0,r] are
uniformly sampled, 1 maps the ¢;’s to the corresponding grid points in [0, 7].
Define 7; = Pi o) : [t(j_1)r, t;r] = R"™. Then as ¢ is affine, ¥; is a polynomial
of degree at most r. Note that f = 7; — v : [t(j_1)r, t;r] = R"™ is C"*? and
satisfies f(t(j_1)r) = f(t(—1)r+1) = -~ = f(t;r) = 0. By (2)

f@) = (¢ = t—1)r)(t = t—1yrs1) - (£ = t5r) B(2), 3)

where h : [t(;_1)r,t;r] = R"™ by Lemma 1 is C*. Still by proof of Lemma 1

dr+1 dr+1
- Iy~ 7) = o), ()

h(t) =0 der+1/ dtrr+17

because deg(7¥;) < r and % is O(1). Thus by (3) and (4)

£t = 0(—0), 0

for t € [t(,_1);,tr;]- Differentiating function h (defined as a r + 1-multiple
integral of f("+1) over the compact cube [0,1]"t'; see proof of Lemma 1)
yields

. dr+2f dr+2

ht) = 0(Zmz5) = Oy = 0, (6)
as deg(7;) < r. By (3) and (6) f = O(-%:) and hence for t € [t(;_1)r,t;r]

3(6) = 7,00 = F(1) = O(). ")

Let V;f(t) be the orthogonal complement of the line spanned by ~(t).

Since [|7(®)|| = d(v),

5 = ST 250 400, G

where v(t) is the orthogonal projection of ﬁj (t) onto V3i-(t). Since ﬁj ) =
f(t) +4(t), we have %- =0+ %)’y(t) + v(t). Furthermore, by (7),
v = O(%5). Since < 4(t),v(t) >= 0, by the Binomial Theorem the norm

;@) =

~—

|wam¢1+ziﬂﬁﬁﬁl3+og;n:4wamu+f——————

d(v)?
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d(v)?
asymptotically. Integrating by parts, ft” ||73( M= 11O

up to the O 1) term; note that by (7) |2M + O( =)| < 1 holds
dt

27‘+1 )

e < f(1),4(8) > L[ <050 >
/t(J 1)r d(v) dt+0(m2r+1)_ ‘/t(j—l)r d(y) WOyt

Since v is compact and at least C? by (4) and h = O(1) we have < h(t),5(t) >=
0(1) and < h(t),¥® (¢) >= O(1). Similarly, by (6) we have < h(t),%(t) >=
O(1). Hence, by (3) and Taylor’s Theorem applied to r(t) =< h(t),5(t) > at
t= t(j—l)r: we get < f(t)a’Y(t) >= (t - t(j—l)r)(t - t(j—l)r—i—l) (t - tﬂ")(a +
O(L)), where a is constant in ¢ and O(1). Since sampling is uniform the in-
tegral ft (t— t(] 1yr)(t —t(—1)r41) - - - (t — tj;)dt vanishes when r is even.

t]T

d(,y) f " t),5(t) > dt is either O(=%) or O(=i), according as
r is odd oreven As 2r+1>r+3(forr>2)and 2r+1>r+2 (forr > 1),

tir ) 1 :
/ (||%(t)||—||"y(t)||)dt={O( _Lo)if r > 1is odd

m
tG-nr

O(—2) if 7 > 2 is even.

Take ¥ to be a track-sum of the 7;, i.e. d(¥) = Efzald(%) d(7)+0(=5),
where p is 1 or 2 according as r is odd or even. This proves Theorem 1.

Notice that, by (5), perfectly uniform sampling permits estimates of ~y
with uniform O( H_1) error. Next we consider non-uniform samplings, for
which piecewise- quadratic interpolation gives good length estimates.

4 e-Uniform Sampling

Let k = 4, so that v : [0,1] - IR™ and its reparameterizations are at least
C*. Fix 0 < € < 1, and let the t;’s be sampled e-uniformly. We are going
to prove Theorem 2. Without loss of generality m is even. For each triple
(@i> Gir1,Qiv2), where 0 < i < m — 2, let Q% : [0,2] — IR" be the quadratic
curve (expressed in local parameter s € [0,2]) satisfying Q*(0) = ¢;, Q%(1) =
gi+1, and Q%(2) = giyo. Write Q*(s) = ¢; + a18 + a25?, where s € [0,2]. Then

Aiv1 — 3¢ — Git2 o ay = B2~ 2¢i+1 + ¢
2 2

By Taylor’s Theorem 7(tg) = v(t:) +¥(t:)(tg — t:) + (1/2)7(&)) (tq — t:)?, for

either g =i¢+1or ¢ =49+2 and some t; < §, < t,. Combining the latter with

Y(t;) = qi, Y(tix1) = @ix1, Y(tir2) = ¢ir2 and substituting into (10) yields

ap = ¢;, a1 = (10)

a5 = (1/2)3(t:) (bis — 2bire +t5) + 0(5). (1)

Because sampling is e-uniform the Mean Value Theorem gives

o=t = ¢0) -+ O(—12), (12
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for either ¢ =4+ 1 or ¢ = i+ 2 and some ¢; < 1y < t4. Thus by (11) and (12)

w = B2 2 ) o), (13)
Furthermore
tiya=2tip i = 6(o2) ()= (D) (L) +O(—mm) (14)
m m m m m*TE

because sampling is e-uniform. By Taylor’s Theorem the following holds
t+1 i -1 1 t+2 i st 2

= —_ _)— d = —_— —)—, ]_5

H(=) = B) 4 9()— and $(0) = () + B, (15)

m m m m m

up to a O(zz) term. Substituting (15) into (14) and taking into account
e-uniformity renders

1
The latter combined with (13) and e-uniform sampling yields
1 1 1

a2 = O(—137) + 0(—3) = O(—57)- (17)

A similar argument results in
4ti+1 —3t; — tiyo . 1 1
= i ) = — ). ]_

m 2500 4 0(y) = O (18)

From (17) and (18),
ds =a; + 23@2 = O(E) and W = 20/2 = O(W)’ (19)

where s € [0,2]. Let ¢ : [t;, tir2] — [0, 2] be the quadratic 1 (t) = by+bit+bat?
satisfying ¥(¢;) = 0, ¥(t;31) = 1, and ¥ (t;42) = 2 (although ¢ depends on
i we suppress this in the notation). Inspection reveals by = (t;41 —t;)~ ! —
ba(tiy1 +1:), and by = ((fir1 — i) — (bivz —tir1)) [(Fivr — ) (Biva —tiv1) (i —
t;)]~!. Furthermore, as before, by e-uniformity (t;41 — t;) — (fiv2 — tiy1) =
O(=1+=), and m®(tip1 — t;)(tiy2 — tiy1)(tigz — ti) = O(1), where the right-
hand side of the latter is bounded away from 0 (as ¢ is a diffeomorphism
defined over a compact set [0,1]). Hence,

by = O(m?~°) and P(t) = 2by = O(m?7°). (20)

As easily verified (¢;11 —t;)~! = O(m). Hence, coupling by = (t;41 —t;) ! —
by (t,'+1 + ti) with (20) yields

¢(t) = by + 2byt = O(m) + b2(2t — (ti+1 + tz)) = O(m), (21)
as sampling is e-uniform and 2¢ — (tiy1 + ;) = O(L), for ¢ € [t;,tit2]. In
particular, ¢ is a diffeomorphism for m large. Define ; = Q% o) : [t;, t;12] —
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IR™. Then 7; is polynomial of degree at most 4. Its derivatives of order 2 < p <
4, are O(m(p (=€) Indeed, by (19), (20), (21), deg(¢)) < 2 and deg(Q) <2

= QP +Q7 = O(—1)0m?)+0(-)0(m? ) = O(m!*),(22)

77 =3Q" 9 = O(—2)0m)O(m*~%) = O(m?~) (23)
7 =307 9 = o(#w(m‘”f) = O(m**). (24)

Then f = %; — v : [ti,tir2] — R™ is C* and satisfies f(t;) = f(tiz1) =
f(tit2) = 0. By (22), (23), (24) and e-uniformity we have
2 4
% =0(m*9), Cciltf O(m?1=9)), % = 0(m>(1-9)). (25)
Use Lemma 1 to write f(t) = (t — t;)(t — ti+1)(t — tit2)h(t), where h :
[ti,tiya] — IR™ is C*, respectively. Then again by Lemma 1 and (25) we
have h = O(dsf ) = O(m>1~9)). Furthermore (3) coupled with (25) renders

dt3
h = O(m31~9)). The latter combined with the e-uniformity yields

f=0(p) and f=0(— (26)

m1+25 )

As in the proof of Theorem 1 define VﬁL (t) to be the orthogonal complement
to the space spanned by #(t). Then expand ﬁj (t) according to (8), where v(t)
is the orthogonal projection of ﬁj (t) onto V;YJ- (t). Similarly to (9), by using

(26) we arrive at v = O(—5) and thus
K0l = ko + 102 Lo, @7)

for which we use € € (0, ] Consequently, by (9), (26), and (27) the integral

S UF@I = @) dt

tite f(t),’y() 1 _ it M
/t,- a0 = /t i

up t0 O(raz). Now < f(#),5(t) >= (t — t:)(t — tit1)(t — tip2)r(t), where

r(t) =< h( ),7(t) >. Taylor’s Theorem applied to r at ¢; yields r(t) = r(t;) +
(t—t;)7 (&), for some t; < € < t;12. Similarly to the argument used for uniform
sampling, r(t;) = O(m2(1_5)) and # = O(m*1~9)). Consequently, by (16)
SR (= ta) (= tiga ) (t —tiga)dt = &5 (ti — tip2)? (fia — 2tip1 +15) = O(5)

and hence the integral [, fite %)dt

T(ti) tit2 . o
d(v) /t (t—t)(t — tiy1)(t — tiyo)dt + O(ﬁ)o(ma )
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is O( 7). So again by e-uniformity [, (|7, ()| - 17(#)Il) dt = O(5e) +
O(=tr=) = O(1=), and we finally arrive at d(y) = %:al (QZJ) d(vy)+
O(==). This proves Theorem 2.

Notice that e-uniform sampling, permits (by (26)) estimates of v with
uniform O(—43=) error. Moreover, by taking e = 1 in Theorem 2 we obtain
a stronger statement (as ¢-perturbation of uniform sampling is still allowed;
see Definition 1) than Theorem 1 when r = 2. Note also that Theorem 2
has nothing to say about the case € = 0. This is dealt with in [15] using a

different approach.

5 Experiments

Next we test the sharpness of the theoretical results in Theorems 1 and
2 with some numerical experiments. Our test curves are a semicircle and
cubic 7y, 7. : [0,1] = IR?, given by 7,(t) = (cos(w(1 — t)),sin(r(1 — t))) and
Ye(t) = (mt, (ZE5)?). Of course d(vs) = m, and numerical integration gives

d(v.) = 3.3452. Experiments were performed with Mathematica.

5.1 Uniform Sampling

We first discuss convergence of length estimates for piecewise polynomial ap-
proximations and perfectly uniform sampling. Experiments were conducted

for both test curves, with » = 1,2,3,4 for which Theorem 1 asserts er-
rors that are O(=2z), O(=7), O(zz), and O(;x), respectively. For each
r = 1,2,3,4 the minimum and maximum number of interpolation points

were (ming, max;) = (mins, max2) = (7,101), (mins, mazs) = (7,100), and
(ming, mazs) = (9,101). Let 7,.,, represent a piecewise-r-degree polynomial
interpolating m, points. In each row of Tables 1 and 2 (for a fixed 1 < r < 4)
we list only some specific values obtained from the set of absolute errors
E,. (7)= |d( )—d(¥r,m, )| (here m,. indexes ¥y, , where min, < m, < maz,
and m, = rn + 1), namely: EJW"" () = maXmin,<m,<maz, Em,(y) and
E oz, (7). Moreover, for each r, in searching for the estimate of convergence
rate O(-1z) (where m +1 = m, is a number of interpolation points) a linear
regression is carried out on pairs of points (log(m, —1), —log(E,,, (7)), where
min, < i, < maz, and i, = rn + 1. Here are the results. Both Tables 1
and 2 suggest that (in these cases at least) the statements in Theorem 1 are
sharp. (The last two rows of Table 2 are somewhat irrelevant in that Lagrange
interpolation returns, for 7 > 3, the same curve ~., up to machine precision.)

5.2 e-Uniform Sampling

A full report on experiments with piecewise-quadratic Lagrange interpolation
with e-uniform sampling is given in [16]. We experimented withe; = 1,&/5 =
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Table 1. Results for length estimation d(vs) of semicircle ~s.

r min, mazr, a (where En, o m™) E}(ys)  Emas,

1 7 101 1.99943 0.0357641  1.29191x10~*
2 7 101 3.98485 0.0036266  5.09874x 1078
37 100  3.97964 0.0026509  3.98087 x10~®
4 9 101 5.98218 0.0001136  3.19167 x10™*!

Table 2. Results for length estimation d(+ys) of cubic curve ~e.

r min, mazx, a (where Ey, ocm™) E7ET(ye) Bz,

17 101 2.00006 0.0357641 5.18348x107°

2 7 201 4.09546 0.0036266 1.22657x107 '
3 7 100  n/a® 5.90639x 10714 4.44089x 10~ 162
4 9 101  n/a® 2.73115x10713%  4.44089x10~16¢

# not applicable (see above).

1/2, e1y3 = 1/3, and for | = 1, 2,3, with diffeomorphisms ¢; : [0,1] — [0, 1],
given by ¢1(t) = t, ¢a(t) = —tot(mt + 1), and ¢5(t) = SRIU=L Thege

m+1 exp(m)—1 *
functions are used to define first e-uniform random sampling
i 1
t; = ¢Z(E) + (Random|[ | — 0.5)W, (28)

where Random][ ] takes the pseudorandom values from the interval [0, 1] and
0 < i < m. In addition, we experimented with two other families of skew-
symmetric e-uniform samplings with ¢; and 0 <¢ < m:

i (—1)i+ % if 4 even,
(i)ti:E"f-W (ii) t; = é+2m++sif¢=4k+1, (29)
m

In all cases to = 0,t; = 1. Piecewise-quadratic interpolation was implemented
for both kinds of sampling, with m even running from m = 6 up to m = 100
and to m = 200, respectively. These experiments with s and 7, showed
faster convergence than proved in Theorem 2 for sampling (28). However,
the statement of Theorem 2 appears to be sharp for the samplings (29): the
observed rates of convergence nearly coincide with those asserted by the theo-
rem: oy = 4, a1 /5 = 2 and a4 /3 = 4/3. Note also that for 0-uniform sampling
(29)(i), and for semicircle 5 and cubic curve ., a piecewise-quadratic La-
grange polynomial interpolant does not provide good estimates of d(vys) and
d(~.), respectively (see Figure 2).
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absolute error with msanpling absolute error with msanpling
0.8 0.4
[ ]
0.6/ ® 0.3
[ ] [ ]
[ ]
0.4 0.2
0.2 0.1
50 100 150 200 50 100 150 200
(a) (b)

Fig. 2. Absolute errors plotted for 0-uniform skew sampling (29)(¢) (where ms is
even and 6 < my < 200): (a) Em,(vs) against ma. (b) En, (7e) against meo.

6 Conclusion

The problem of estimating d(v) of a C* curve seems rather straightforward
when the parameter values ¢; € [0, 1] are given, for example when sampling is
uniform. This paper examines a class of samplings for which the same simple
methods give length estimates converging to the true value d(7y), including
investigation of convergence rates. Our results appear to be sharp for the class
of samplings studied in this paper. Piecewise Lagrange interpolation does not
work well for O-uniform samplings (more elaborate methods for dealing with
these are given in [15]) and so the class of e-uniform samplings is of special
interest where 0 < £ < 1. In general, the relationship between convergence of
length estimates and uniform convergence to the image of v seems not quite
straightforward. Because the methods used herein are relatively simple, they
are also widely applicable. Unlike the situation in [15] there is no convexity
requirement on <y, and there is no need to restrict attention to planar curves.
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