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Abstract. We investigate the extension of modal logics by bisimutatiman-
tifiers and present a class of modal logics which is decidalilen augmented
with bisimulation quantifiers. These logics are referedsthee idempotent trans-
duction logics and are defined using the programs of praposit dynamic logic
including converse and tests. This is a nontrivial extemsibthe decidability of
the positive idempotent transduction logics which do n&t csnverse operators
in the programs (French, 2006). This extension allows ugpfiyabisimulation
quantifiers to, for example, logics of knowledge, logics efiéf and tense logics.
We show the idempotent transduction logics preserve th@vaxbf propositional
quantification and are decidable. The definition of idempibteansduction log-
ics allows us to apply these results to a number of combinedaiogics with a
variety of interactions between modalities.

1 Introduction

Bisimulation quantifiers were introduced by Visser [1] andil&rdi [2] as a semantic
characterization of uniform interpolants in modal logicsls askK, Grz andGL. More
recently, bisimulation quantifiers have been investigatedn expressive extension of
many modal logics such &DL [3], andS4[4].

Syntactically, bisimulation quantifiers are the same apg@siional quantifiers. Se-
mantically, they quantify over all interpretations of thgesified propositional atom
in all bisimilar models Thus bisimulation quantified modal logics are typicallgde
expressive than standard propositional quantified modad$awhich are generally un-
decidable [5]).

The motivation for considering bisimulation quantifiersgésextend modal logics
with the ability to reason abotmypothetical assignments of atoni$at is we may ex-
press the property, “there could be an interpretation afatthat agrees with the present
interpretation on all atoms except that makesy true.” To evaluate this statement we
must decide what it means for two interpretationsaggee In our case we suppose
two interpretations agree if they are structures that asevbliar up to the proposition
x. This is a very natural standard to apply. Bisimulationsevgefined by Milner [6],
Park [7] and (ag-relations) van Benthem [8]. Stirling [9] surveys the re&atships
between bisimulations and modal logic. In [8] it is shownttheoperties definable in
modal logic are exactly the first-order properties that asenulation invariant. There-
fore modal formulas are unable to distinguish between higimstructures, and this
degree of abstraction has allowed modal logics to be eagjijied in a range of con-
texts (such as reasoning about time [10] or knowledge [V¥§)consider quantification



modulo bisimulation because we would like to preserve tegrée of abstraction whilst
considering hypothetical assignments of atoms.

Bisimulation quantifiers were originally investigated it pnd [2] as abbreviations
for uniform interpolants in some modal logics. In [3] thisachcterization was extended
to abbreviations for uniform interpolants in the mogatalculus. More recently, bisim-
ulation quantifiers have been investigated independefityndorm interpolants. We
briefly survey some of these results here: In [4] axiomaitzestare given for the bisim-
ulation quantified extension ¢f and the bisimulation quantified extensionRIDL. In
[12] bisimulation quantifiers are considered in the contExarbitrary modal logics.
It is shown that there are cases where extension by bisifonlguantifiers does not
preserve decidability, or the axioms for propositionalgifecation. The paper [13] ex-
plores the relationship between fixed-point operators asichiolation quantifiers, and
it is shown that there are cases where bisimulation quathtigics are more expressive
than the corresponding fixed-point logic. The paper [14jddtices theositive idem-
potent transduction logicsThis is a decidable class of bisimulation quantified logics
which includes many of the well-known and applied modalésgsuch ag4, GL and
a fragment ofCTL).

In this paper we enhance the results of [14]. We extend thaitlefi of idempotent
transduction logics in such a way as to capture the lo§gKD45 and many more
besided. The logicS5is applied for reasoning about knowledge and security [hil] a
KDA45 is used for reasoning about belief in agent systems, so #nengractical reasons
to extend the class of idempotent transduction logics ttude such logics as these.
We show that the idempotent transduction logics are det@dalnd preserve the ax-
ioms of propositional quantification. This work is a nonvai extension of the results
of [14], which presented the class of positive idempoteamsduction logics. Positive
idempotent transductions specified modalitieg-gsograms without converse, whereas
idempotent transduction specify modalities;aprograms with converse. While this
significantly complicates the proofs, it allows us to extenat generalized results to
combinations of logics including knowledge and belief.

These results have been presented in [15], although théspmo®improved here.

2 Preliminaries

In this section we give the basic notation, definitions amdnteas required throughout
this paper.

2.1 Modal logic

Definition 1. Let A be a non-empty set. A-frameis a tuple(S, R) whereS is some
setandR : A — (S x S).

The setS corresponds to the set of possible worlds, and for eaeh A, R(a) refers
to some relation between the possible worlds. A model addduation to aA-frame

! Using the language of [15] we will refer to the idempoteningduction logics of [14] as
positive idempotent transduction logics



which defines which atomic propositions are true at each et¢mof S, and identifies
thecurrent world

Definition 2. A A-V-modelis a tuple(S, R, p, s) where(S, R) isaA-frame,p: S —
p(V),ands € S.

HereV is a countable set of atomic propositiopsssigns those propositions to states
(so thatz € p(t) if and only if = is true att), ands is thecurrent state of the model
We will refer to A-V-models as1-models when there is no ambiguity abaut The
use of the termmodelrather thanstructureor systemis quite deliberate. A structure
implies some concrete entity, whereas we consider the rmddebe abstractions of
some real-world entity (but importantly, an abstractioattls equally as good as any
other bisimilar model).

The syntax of the modal logid.(y) is given with respect to the sett (the set of
modalities) and’ (the set of atomic propositions).

a = z|-alaVas | Qu 1)

wherez € V anda € A. Correspondingly, we will refer tol-V-models as1-models
when there is no ambiguity about We let the abbreviations, —, <, T and_L be
defined as usual and Iet,« abbreviate-0,—«a. We letvar(«) be the set of proposi-
tional atoms appearing im.

The modal logicL., has the following semantics. Given somiemodel M =
(S, R, p, s) foreacht € S'let M; = (S, R, p,t). We then define:

MEzx <z € p(s)
M = Q.0 <= forsome(s,t) € R(a), M; = «

where— andV have their usual interpretation.
From a purely semantic view of logic, we can define a varietynofdal logics by
restricting the class of models over which formulas areusad.

Definition 3. Given some set, a A-classC is a class ofA-frames. The logid.¢ is the
set of allL. 4 formulas which are true on all-V-models(S, R, p, s), where(S, R) € C.

In an abuse of notation we may referié € C, whereM = (S, R, p,s) and(S, R) €
C.
2.2 Bisimulation Quantifiers

The bisimulation quantified logic of (BQL,) is the extension oL¢ by bisimulation
guantifiers. The syntax is given by:

a = zx|-alagVa | Qua | Jza (2)

wherex € V anda € A. To give the formal semantics we require bisimulations.
These are well-known and we extend this definitio@tdisimulations.



Definition 4. Let M = (S, R, p,s0) and N = (T, P, \, ty) be A-V-models and sup-
pose® C V. We say the model® and N are ©-bisimilar (written M =g N) if there
is some relatiorB C S x T such that:

1. (So,to) € B;

2. forall (s,t) € B, p(s)\O = A(t)\6;2

3. forall (s,t) € B, forall a € A, foralluw € S suchtha{(s,u) € R(a) there is some
v € T such that(u,v) € B and(t,v) € P(a);

4. forall(s,t) € B,forall a € A, forall v € T such thaf(t,v) € P(a) there is some
u € S suchthat(u,v) € Band(s,u) € R(a).

We call such a relatiorB a ©-bisimulationfrom M to N and if M =, N we sayM
and N are z-bisimilar (written M =, N).

GivenM = (S, R, p, s) is aC-model the interpretation dfza in BQL. is M ¢
Jz if and only if there is som€-model N whereN 22, M andN ¢ a.

We note that the clas$ appears explicitly in the semantics, and thus has a direct
effect on the meaning of formulas. For example, we might lsameA-model M and
some formulax such that for two classe§,andD M ¢ o andM =p —«. Consider,
for example, the formula = Vz(z — {,z), and suppos@/ is a{a}-model consisting
of a single world related to itself biR(a).

— Inthe clas<’ of all reflexive{a}-frames we would havé/ . a.
— However, in the class of afla}-frames,D, we haveM |=p —a, sinceM is {z}-
bisimilar to some mod€lT’, P, ,t) wherex € 7(t) and(¢,t) ¢ P(a).

This is in contrast to the case of pure modal logic, wheregtli®pne semantics for all
logics, so that.: and Lp will always agree on the meaning of a formula (i.e. whether a
given formula is satisfied by a given model), but they mayeditin whether a formula
is valid.

In the remainder of this paper we will IBQL , refer to the logicBQL, whereC
is the class of all-frames, and writé// =, « to denote satisfaction in this class.

2.3 Amalgamation

It was shown in [12] that bisimulation quantifiers are notMaelhaved for all classes of
frames. Particularly we can define a class of framisach thaBQL. does not validate
the standard rules of propositional quantification:

1. Existential eliminationlf ¢ — < is a validity andy) does not contain free occur-
rences of the variable, thendxz¢ — 1 should also be a validity.

2. Existential introductionSupposev is a formula such that is free forz in a. Then
alz\f] — Jzais a validity.

Herea[z\ 3] is the formulaa with every free occurrence of the variablaeplaced by
the formulag, andg is free forx in « if and only if for every free variabley, of 3 the

2 Here,\ is used to indicate set subtraction.



variablez is not in the scope of a quantifiety, in «. In [15], it is shown that these
laws, along with the tautologies of propositional logice aufficient to give a sound
and complete axiomatization of the extension of propasiidogic by propositional
quantification.

Several classes of frames that do not validate these ridggasented in [12]. These
rules are sound for all logicB®QL., whereC has theamalgamation property

Definition 5. We say the class of fram&shas theamalgamation propertgor C is
amalgamativeif and only if for any9;, ©, C V, for anyC-models)M and N such that
M =p,00, N, there is som€-model, K such thatl/ =g, K andN =g, K.

The following was shown in [12] (where amalgamation wasneddo as safety).

Lemma 1. If C enjoys amalgamation, then the rulesistential eliminatiorand exis-
tential introductiorare sound foBQL,.

Note that the soundness of existential elimination rulelieggisimulation invariance,
so as a corollary we have,@fis amalgamative, theBQL,. is bisimulation invariant.

3 Motivation and examples

We will present some examples of bisimulation quantified atdapics, and then con-
sider some of the applications for bisimulation quantifiéfhe first two examples
demonstrate the use of bisimulation quantifiers in the carteknowledge and belief.
As the modalities of knowledge and belief are, respectjwlynmetric and Euclidean
[16], their interpretation relies on the converse relasioAs such they cannot be pre-
sented using the positive idempotent transductions of [14]

3.1 Knowledge

We consider a very simple example in the context of epistdoge. Suppose that
A = {a, b} (for Alice andBoh). We letC be theA-class of frameg$S, R) where both
R(a) and R(b) are equivalence relations. This corresponds to a very sifgglic of
knowledge where two worlds andv are related byR(a) if and only if Alice cannot
distinguish between those two worlds, and thigy is true at the current world if and
only if ais true at every world that Alice cannot distinguish from therent world (i.e.
Alice knowsq). See [11] for a good introduction to epistemic logics.

Consider a simple model which consists of only two worldskedandunlocked
that Alice can distinguish, but which Bob cannot. That isalhworlds the formula
locked < [,locked is true. Even though Bob does not know whether the door is
locked or not, he does know that Alice knows. Now suppose(thgiothetically) Bob
announces he is going to flip a coin and keep the result sadkettan consider the
hypothetical propositioheads, where(yheads A—0, heads is true. As a bisimulation
quantified formula this is expressed#sads(0yheads A—, heads) and its semantic
interpretation is illustrated in Figure 1. The model on thgt is { heads}-bisimilar to
the one on the left, and satisfielgheads A -, heads at its bottom left world.
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Fig. 1. Two models demonstrating the interpretation of the formidfeeads(Tyheads A
-0, heads) in bisimulation quantified epistemic logic.

This is a very simple example, but we can see how bisimulatiantifiers can be
applied in different contexts. In this example we supposedas possible for Bob to
be able to flip a coin and keep the result secret from Alice. elmw, if we restricted
the clas< so that the equivalence classesititi) were always subsets of equivalence
classes that belong #®(b) we would have a semantic where Aliagvaysknows more
than Bob (for example Alice might be a super-user who hasssdoeall of Bob's files).

In this casedheads(Oyheads A -0, heads) would not be satisfied. Such hierarchical
logics of knowledge (without bisimulation quantifiers) ansidered in [17]. In [18] a
bisimulation quantified logic of knowledge is presentethalgh several of the proofs
are flawed. The results of this paper redress some of thoseserr

3.2 Belief

Another interesting example of the application of bisintiola quantifiers is in the logic
KD45, which is Kripke complete for the class of serial, trangtiuclidean frames
(a frame is Euclidean if any two successors of a world aretedléo each other). In
BQLKD451

O(3Fx(x A O—x)) 3)

is a validity, but3z0(z A O-x) is a contradiction. The unsatisfiability of the second
follows from the fact thatl(z — ¢z) is a validity of KD45. Figure 2 demonstrates
how formula (3) is satisfied. Herdy/ is a KD45 model, andM; =2, Ny, but there

is no KD45-model K = (U,Q,~,u) whereK =, M andK, = N, for somev
where(u,v) € Q. That is, the bisimulation quantifier does not necessaniymute
with modalities, so bisimulation quantifiécD45 does not satisfy the Barcan formula,
VzOa — OVza. This may appear to be a flaw in the interpretation of bisirioita
quantifiers. HoweveilK D45 is the logic of belief and in this context it makes sense.
An agentbelieveghat some set of worlds are possible, and refuses to beligvetaer
world is possible. Suppose that we are dealing with an inéatiagent that knows the
difference between belief and knowledge. The agent wbeldkvethat in principle it



Fig. 2. A depiction of the validity (3) with respect to the classkiD45 frames.

is possiblethat he believes some (hypothetical) property to be truendkough that
property is not satisfied at the current world. Thatisx(—z A Oz) is valid. However
the agent would still not concede that any of the real, nopeliyetical properties (i.e.
unquantified propositions) that he believes are false.

3.3 Expressing refinement

We consider the applications of modal logic to the verifimatind modeling of compu-
tational systems. Such systems can be specified at manyg lgivabstraction, ranging
from the individual transistors that make up a circuit, tgezits of high level program-
ming languages.

Abadi and Lamport [19] examine the problem of specifying ag@aisoning about
systems at multiple levels of abstraction. They divide thepprties at any level of
abstraction into external properties and internal proggrivhere the external properties
describe the visible behavior of a system. At a higher lefabstraction less properties
are externally visible. Abadi and Lamport use finite statechi@es to represent the
behavior of systems, and apply the notion eéinement mappinfR0] to verify if one
specification implements another specification (or agretisthe external properties of
that specification).

In the context of general modal logics, such refinements eanddeled by bisimu-
lation quantifiers. For example two security protocols ddue specified by the formulas
of epistemic logic 51 (7, 7) andS3(T, z), respectively. We are able to express that the
specificationS; always agrees with the specificati®h with respect to the proposi-
tional atoms (or propertiesy, using the bisimulation quantified epistemic formula

vovy(S1(z,7) — 3252(T, Z)). (4)

We note that the use of bisimulation quantifiers rather ttewapropositional quan-
tifiers is significant here. For example, it is possible tieg specificatiorS; (Z,7) is
satisfiable in a model containing only three worlds, whilstz,z), can only be satis-
fied by models with more than three worlds. In such a case timeuia (4) would not
be valid.



We do not consider any particular specifications, or any ifipaton languages
here. Rather we simply note that bisimulation quantifieestséo naturally capture the
intuitive meaning of one specificatiamplementing anotherA general aim of this
paper and other works [14, 15,13] is to develop a formal fraor& for the iterative
refinement of specifications in different ontologies.

4 The modal p-calculus with converse

In this section we examine thmaodalu-calculus with converg2l1]. The converse op-
erators inverts the modal accessibility relation allowurggto “see” backwards along a
relation. Including converse programs is important tovallss to capture the symmet-
ric nature of the modal relations B5and other similar logics. However, the converse
operators also significantly increase the complexity ofdeeidability proof.

4.1 Syntax and semantics

Thefull p-calculus L 4 is an extension of modal logic that includes thast fixed
point operatoru, and converse modalities:

az=z|-a|laVal{aal|{a”)a| pra (5)

wherex € V, a € A and in the recursion forza we require thate only occurs in
the scope of an even number of negationsvinWe let vza be an abbreviation for
—pz—afz\-x], (Wherea[z\—z] is « with every free occurrence af replaced by-xz).

The interpretation ofa)« is the same as the interpretatioriafa and the interpre-
tation of (a ™)« is given as:

M, E (a”)a < forsome(s,t) € R(a), M, = .

The interpretation ofix« is the least of all assignments ofsuch thatr is true
exactly wherev is true, and the operatorrefers to the greatest such assignment[22].

4.2 Results for the modalu-calculus with converse

The modalu-calculus without converse was introduced by Kozen in [B2]23] it was
shown thaj:L 4 corresponds to the bisimulation invariant fragment of nihoaecond-
order logic. Emerson and Jutla presented an exponential diecision procedure for
the modalu-calculus in [24]. In [3] it was shown that thecalculus was closed under
bisimulation quantifiers. That is, for all formulas of thecalculusc, for all atomic
propositions, there is some formula of the-calculus 3z, such that for all models,
M, M = 3za if and only if there is some modeéV =2, M such thatV = o.

The p-calculus with converse (or tHall p-calculug was shown to be decidable in
[21]. The proof of decidability definetivo-way alternating automat® accept models
of full p-calculus formulas, and then reduced the two-way altengatutomatato (one-
way) non-deterministic automata.

It is well-known that thes-calculus can expresiynamic modalitiegor programs.



Definition 6. Let A be a set of atomic programs. Theprogramsr over A (Proga)
are:
mi=q|mn|rUnT |7 |1 | al;

wherea € A and
a:=P|-¢|aVal(ms|uPa,

providedP is under an even number of negationgin

The modalities{r), corresponding to programs,are defined as usual by extend-
ing the functionR to map all programsy, to a binary relation ovef, R(rw). This is
done inductively where: the base case is giveniliy) for a € A; R(m;m2) is the
composition of the relation&(m;) and R(m2); R(m1 U m2) is the union ofR(w;) and
R(ms); R(7*) is the reflexive transitive closure @(w); R(x~) is the converse of the
relation R(r) (so that(u,v) € R(x~) if and only if (v,u) € R(w)); anda? is atest
program defined bR (a?) = {(u,u) | My, ¢ a}.

We use theu-programs defined here to describe a large class of bisironlgtian-
tified modal logics. Whilst these classes of logics may bendefusing converse pro-
grams, the logics themselves only use forward modalitiesaddress this asymmetry
we give the following definitions.

We first focus on translating the class@®f-models to a class of models where the
converse of each atomic modality is explicitly represeigdnother atomic modality.

Definition 7. 1. Given the setl = {aj,aq,...}, let A’ be a set{b, b, ...} such
that A N A’ = (). Theconverse closuref A, with respect tad’, is the setd =
{ay,b1,az,bs,...}, and for alli, we leta; = b; andb; = a;.

2. Given thed-class of frameg, let theconverse extensioof C be theA-classC =
{(S,R)|(S,R) € C} whereR : A — S x S is defined such that for all € A,

R(a) = R(a) and(u,v) € R(a) if and only if (v, u) € R(a).

3. Given theC-modelM = (S, R, p, s) let theconverse extensioaf M be theC-
modelM = (S, R, p, s).

4. Given anyCxr-modelM = (S, R, p, s) we define theonverse closure af/ to be

theC-modelM + = (S, R, p, s) where foro € A, R (0) = R(0)U{(u,v)|(v,u) €

R(0)}.

The following definition introducetree-like models. Tree-like models are useful
since they require that every world in the model is reach#&lole the current world.
This allows us to interpret converse modalities in termstofrac modalities.

Definition 8. For any A, we say al-modelM = (S, R, p, s) is tree-likeif

1. forallu € S\{s}, there is exactly one paip, v) € A x S such thafv, u) € R(0);
and

2. forallu € S, forallo € A, (u,s) ¢ R(o)

3. forallu € S\{s}, there is some finite sequeneg u1, ..., u, such thatugy = s,
u, = uand for alli < n, there is some € A such that(u;, u,11) € R(0).

Lemma 2. For everyC,-model)M, there is some tree-liké -modelN such thatV/ =
N.



The proofis given in [15] (Lemma 5.89).

Lemma 3. For everyC, model, M, for every tree-likeC; model N where N =, M,
we haveN+ 22, M.

The proofis given in [15] (Lemma 5.93).
Using these definitions, we can describe a translation fieenntodali:.-calculus
with converse, to the modalcalculus without converse.

Theorem 1. There exists a translatiofy)’ from uL 4 with converse tquL; without
converse, such that for all tree-liké-modelsM, for all uL 4 formulasa, M+ = « if
and only if M = o'.

We sketch the proof of this theorem via alternating autoraatd.-automata here
(see [25] for an overview of these formalisms). As the largguef alternating automata
is equivalent to the modal-calculus we can define an alternating automatbover
the set of programéa, a™ | a € A}) such thatd acceptsM * if and only if M+ = «.
From A, we can define a-automatonA?, such that4? accepts tree-likel-model M
if and only if A acceptsM/ +. This is based on Vardi’s construction [21] and a complete
description is given in [15], Appendix C.

Finally, as there is an effective translation frarautomata to the-calculus [23], we
can convertd? to thep L+ formulac’, so thatM + = «if and only if M = «'.

5 ldempotent transductions

Here we consider a class of decidable bisimulation quadtifiedal logics which in-
cludes the bisimulation quantified extension$dfGL , SS5andKD45. We refer to this
class of logics as thidempotent transduction logicAside from the well-known logics
above there are many other idempotent transduction logfesse logics are defined by
encoding modalities ag-programs, so potentially we can rapidly provide expressiv
and decidable logics for different ontologies “on the fly”.

Recall the definition ofProg, (Definition 6).

Definition 9. Given a finite set of modalitied, a A-transduction is a functiod? :
A — Proga.

We can applyl-transductions to frames as described in the following dtéfim

Definition 10. Given aA-transduction/1, and aA-frameF’ = (S, R) we defind"? =
(S, R™) where for allu,v € S, (u,v) € R(a) if and only if for all modelsM =
(S, R, p,s), (u,v) € R(II(a)). We define th&ransduction class aff (written Cj7) to
be the class ofl-framesF whereF is anyA-frame.

Definition 11. A A-transduction’T is anidempotent transductidfifor all a € A, I1 (a)
contains no free atomic propositions and for dAlmodelsM, for all tree-like A-models
N such thatN = M T we haveM ! =~ N |f IT is a idempotent transduction, then
Cr is anidempotent transduction claséframes and the logiBQL, , is an idempotent
transduction logic.



Positive Idempotent transductions were identified forgoarctions that did not use the
converse operator [14]. Positive idempotent transdustame truly idempotent (where
idempotent mean&/” = (M)™), To accommodate converse operators in the trans-
ductions the definition has been generalized.

5.1 Amalgamation for idempotent transduction logics

Amalgamation is an important property as it allows us to igethutologies of propo-
sitional quantification in a logic. We can show that all idextgnt transduction logics
enjoy amalgamation.

Lemma 4. Given any two tree-likel-models)M and N, and somel-transduction/
such that for alle € A, IT(a) contains no free atomic propositions frag if M =g N
thenM T =y N1

The proofis given in [15] (Lemma 6.133).
Given any idempotent transductiaf, we can show that;; enjoys the amalgama-
tion property (Definition 5).

Lemma 5. Every idempotent transduction class is amalgamative.

Proof. Suppose thall is an idempotentl-transductionM = (S, R, p,s) andN =
(T, P,7,t) areCr-models andV/ =g, N. By Lemma 2 there is some tree-like
modelM’ = (S’, R, p’, s') and some tree likel-modelN’ = (T”, P/, 7/, t) such that
M' = M andN’ = N. ThereforeM’ =g, N’ via some bisimulatioB C S’ x T".
LetL = (B,Q,n, (s',t')) be aAd-model where

1. foralla € A, ((u,v), (w, 2)) € Q(a) if and only if (u,w) € R(a) and(v,z2) €
P(a), and

2. n(u,v) = (p'(W\O) U (7' (0)\I).

Clearly, L =g M’ andL =, N’. Again by Lemma 2 there is some tree-likemodel
K such thatk = L and thusk’ g M’ andK =, N’. By Lemma 4 and the fact that
11 is idempotent,

M= (M) =g K = (N)T =N

3

soCy; is amalgamative.

The following lemma can be shown by a simple induction overdbmplexity of
programs.

Lemma 6. Given any/A-models M and N such thatM =22 N, and aA-transduction
IT such that for alla € ©, I1(a) does not contain any free propositional atoms frémn
we havelM/ 7 =2 N1,



5.2 Examples

Before we proceed with the proof of decidability, let us ddes some examples. The
logic S4has been shown to be equivalent to the pure modal logic oéfidixive, tran-
sitive frames. The class of all reflexive transitie}-frames (where is some arbitrary
label on a modality) is equivalent to the cladg where IT is the {a}-transduction
defined byIl(a) = a*. Therefore the bisimulation quantified extensionS#is an
idempotent transduction logic. Similarly:

1. S5is the pure modal logic of all reflexive, symmetric and trémesiframes. It is
defined by the transductidfi (a) = (e Ua™)*.
2. GL is the pure modal logic of all transitive, well-founded frasa It is defined by
the transduction
II(a) = (pxla]z)?;a;a".

The test ensures the for dlk, v) € II(a), everya-path starting at: is finite. The
correctness of this transduction (using a different notgtis presented in [15],
Lemma 6.139.

3. KD45 is the pure modal logic of all serial, transitive, Eucliddeames (where a
frame is Euclidean if every successor of any given world iatesl to one another,
see Figure 2). Itis defined by the transductitu) = ((a Ua™)*;a) U ([a]L)?.

Idempotent transductions also allow us to define the intienas between different
modalities. Consider the following logic of hierarchicaidwledge. LelS5¢, be the
class ofA-frames,(S, R) where

- A={1,2,...,n},
— foralli € A, R(i) is reflexive, transitive and symmetric, and
— foralli e A, forall j < i, R(j) C R(3).

This describes a system of hierarchical knowledge solfhas a knowledge operator
for agenti, and if j < i, agentj knows at least as much as agenSee [17] for
a discussion of logics of hierarchical knowledge. For eaagh A we definell(i) =
(1Ul-U...UiUi")*.

An advantage of idempotent transduction logics is that tliew us to easily define
powerful combinations of logics. For example, to reasonualaosystem of belief and
knowledge, we may suppose the standard interpretatiomefiaf and knowledge hold,
and also that knowledge implies belief, but not necesswicly-versa. This situation can
be described using the idempotent transduction,

k)= (kUk”UbUbL )"
II(b) = ((bUb™)"3b) U ([b]L)?

where[k]¢ means the agent knows and[b]¢ means the agent believes

5.3 The decidability of idempotent transduction logics

We can now show that all idempotent transduction logics adable by reducing
their satisfiability problem to the satisfiability problewrthe full u-calculus.



Theorem 2. For every idempotent-transduction,I7, there is a translatiorf-)’! from
BQL¢,, to uL 4 such that for allA-models, M

M e, a <= M=ol (6)

Proof. The proof follows from the inductive construction ef? which we describe
here. As the base of this induction we may suppose dhebntains no bisimulation
quantifiers at all. In this case we lef! = a[a\I1(a)].ca, Wherea[a\I1(a)].ca is the
formula o with every modality,0,,, replaced by(II(a)). By comparing the definition
of M with the semantics forL 4 extended with dynamic modalities (Definition 6),
we can see

M" e, a <= Mk afa\II(a)]aea- (7)

Now we proceed by induction. For all operators except tharhikation quantifier the
constructions are trivial(ay V ao)! = olf v oll; (-a)! = —=a'; and Qg =
(I1(a))a. The proofs follow directly from the semantic definitionstbé operators.

We are left to define the translation for the bisimulationmpifeer. Suppose that for
all A-modelsN, N7 =, aifand onlyif N |= o!f, and suppose thatr ? =¢,, 3za.
By the definition,

M" =¢, 3ra < INT ey, N7 =, M and N7 |=¢,, a. (8)

SincelT is an idempotent transduction, 4t is a tree-likeA-model such thal” =2 N7,
thenT!! = N7 LetT, the the set of tree-likd-models. By Lemma 2, the transitivity
of bisimulation and Lemma 1

M ¢, 3ra = 3T € Ty, T =, M7, and T" |=¢,, a. (9)
Now, by applying the induction hypothesis it follows:
M =¢, 3ra <= 3IT € Ty, T =2, M, and T = ™. (10)

The full y-calculus is not closed under bisimulation quantifiers dsibisimulations
only respect forward modalities). As” is a formula of the fullu-calculus, by The-
orem 1 there is L+ formula without conversga’’)’, such that’ = (o!?)’ if and
only if T+ |= of. AsT is aA-model (and thus al-model), we havd’ |= o' if and
only if T+ = o, Furthermore, we may suppose tliat’ )’ does not contain converse
modalitiesa, (since(a)¢ will always be false). Thereforgx'")’ is a formula ofuL 4
without converse, which is closed under bisimulation qifi@ns [3]. That is, there is
a computable.L 4 formula, 3z(«™)’ such that for alld-modelsN, N |= Jz(a™) if
and only if, for some modek =, N, K = (a!f)’. Therefore

M7 = Fza <= M7 = Jz(a'). (11)
Finally, from the semantic interpretation of the full mogatalculus we can see
MY =c, 3za <= M = (3z(a™))[a\I1(a)]aca, (12)

where wherex[a\11(a)].c 1 is the formulaa with every atomic programy, replaced
by I1(a). To complete the proof we lg¢Bza)!! = (3x(a’?))[a\I1(a)]aca-



In [14] a more simple reduction that did not consider coneenedalities was used
to prove decidability for positive idempotent transduntlogics. A more complex de-
cidability proof for idempotent transduction logics is givin [15] (Theorem 6.136).

We proof in [15] relied on the following theorem f&QDL ,, (which isproposi-
tional dynamic logic with converse prograrastended by bisimulation quantifiers).

Theorem 3. Given any4, for all formulasa of BQDL , there is some computable
BQDL , formulaa* such that for anyl-classC, for anyC-modelM, M |=¢ «* if and
onlyif M =4 a.

The proofis given in [15] (Theorem 5.108) and follows the sastrategy as the proof
of Theorem 2, wherev* is inductively defined to be-calculus formula equivalent to
a. As the interpretation of the-calculus is independent of the class of frames, the
Theorem follows.

6 Conclusion

This paper presents a general class of bisimulation quedhtifiodal logics, theem-
potent transduction logicghat are amalgamative and decidable. This class is defined
by taking the fixed points (modulo bisimulation) of transtioes defined by programs
of propositional dynamic logic with converse.

The benefits of this approach are as follows:

1. This definition provides a powerful methodology for exdarg and combining
bisimulation quantified modal logics. A number of logics dencombined, where
the modalities interaction can be expressed using progmsopositional dy-
namic logic.

2. Including bisimulation quantifiers in a logic can greatigrease the expressivity of
the logic, allowing us to represent operators such asttig operator of temporal
logic or fixed point operators. Furthermore in [15] it is shothatBQDL , is non-
elementarily more succinct than the mogatalculus.

3. Bisimulation quantifiers have a natural interpretatisrahypothetical assignment
of atoms This allows them to be applied directly to refinement andusation
problems in a variety of ontologies.

Future work will examine further generalizations of thesdaf idempotent trans-
duction logics. However, we note that this great generalitynes at the cost of com-
plexity. Therefore, we will also consider sub-classes @& itlempotent transduction
logics and look for efficient model-checking proceduresisien procedures, and ax-
iomatizations.
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