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Abstract. We investigate the extension of modal logics by bisimulation quan-
tifiers and present a class of modal logics which is decidablewhen augmented
with bisimulation quantifiers. These logics are refered to as the idempotent trans-
duction logics and are defined using the programs of propositional dynamic logic
including converse and tests. This is a nontrivial extension of the decidability of
the positive idempotent transduction logics which do not use converse operators
in the programs (French, 2006). This extension allows us to apply bisimulation
quantifiers to, for example, logics of knowledge, logics of belief and tense logics.
We show the idempotent transduction logics preserve the axioms of propositional
quantification and are decidable. The definition of idempotent transduction log-
ics allows us to apply these results to a number of combined modal logics with a
variety of interactions between modalities.

1 Introduction

Bisimulation quantifiers were introduced by Visser [1] and Ghilardi [2] as a semantic
characterization of uniform interpolants in modal logics such asK , Grz andGL . More
recently, bisimulation quantifiers have been investigatedas an expressive extension of
many modal logics such asPDL [3], andS4[4].

Syntactically, bisimulation quantifiers are the same as propositional quantifiers. Se-
mantically, they quantify over all interpretations of the specified propositional atom
in all bisimilar models. Thus bisimulation quantified modal logics are typically less
expressive than standard propositional quantified modal logics (which are generally un-
decidable [5]).

The motivation for considering bisimulation quantifiers isto extend modal logics
with the ability to reason abouthypothetical assignments of atoms. That is we may ex-
press the property, “there could be an interpretation of atoms that agrees with the present
interpretation on all atoms exceptx, that makesα true.” To evaluate this statement we
must decide what it means for two interpretations toagree. In our case we suppose
two interpretations agree if they are structures that are bisimilar up to the proposition
x. This is a very natural standard to apply. Bisimulations were defined by Milner [6],
Park [7] and (asp-relations) van Benthem [8]. Stirling [9] surveys the relationships
between bisimulations and modal logic. In [8] it is shown that properties definable in
modal logic are exactly the first-order properties that are bisimulation invariant. There-
fore modal formulas are unable to distinguish between bisimilar structures, and this
degree of abstraction has allowed modal logics to be easily applied in a range of con-
texts (such as reasoning about time [10] or knowledge [11]).We consider quantification



modulo bisimulation because we would like to preserve this degree of abstraction whilst
considering hypothetical assignments of atoms.

Bisimulation quantifiers were originally investigated in [1] and [2] as abbreviations
for uniform interpolants in some modal logics. In [3] this characterization was extended
to abbreviations for uniform interpolants in the modalµ-calculus. More recently, bisim-
ulation quantifiers have been investigated independently of uniform interpolants. We
briefly survey some of these results here: In [4] axiomatizations are given for the bisim-
ulation quantified extension ofK and the bisimulation quantified extension ofPDL. In
[12] bisimulation quantifiers are considered in the contextof arbitrary modal logics.
It is shown that there are cases where extension by bisimulation quantifiers does not
preserve decidability, or the axioms for propositional quantification. The paper [13] ex-
plores the relationship between fixed-point operators and bisimulation quantifiers, and
it is shown that there are cases where bisimulation quantified logics are more expressive
than the corresponding fixed-point logic. The paper [14] introduces thepositive idem-
potent transduction logics. This is a decidable class of bisimulation quantified logics
which includes many of the well-known and applied modal logics (such asK4, GL and
a fragment ofCTL ).

In this paper we enhance the results of [14]. We extend the definition of idempotent
transduction logics in such a way as to capture the logicsS5, KD45 and many more
besides1. The logicS5 is applied for reasoning about knowledge and security [11] and
KD45 is used for reasoning about belief in agent systems, so thereare practical reasons
to extend the class of idempotent transduction logics to include such logics as these.
We show that the idempotent transduction logics are decidable, and preserve the ax-
ioms of propositional quantification. This work is a non-trivial extension of the results
of [14], which presented the class of positive idempotent transduction logics. Positive
idempotent transductions specified modalities asµ-programs without converse, whereas
idempotent transduction specify modalities asµ-programs with converse. While this
significantly complicates the proofs, it allows us to extendour generalized results to
combinations of logics including knowledge and belief.

These results have been presented in [15], although the proofs are improved here.

2 Preliminaries

In this section we give the basic notation, definitions and lemmas required throughout
this paper.

2.1 Modal logic

Definition 1. LetΛ be a non-empty set. AΛ-frameis a tuple(S,R) whereS is some
set andR : Λ −→ ℘(S × S).

The setS corresponds to the set of possible worlds, and for eacha ∈ Λ, R(a) refers
to some relation between the possible worlds. A model adds a valuation to aΛ-frame

1 Using the language of [15] we will refer to the idempotent transduction logics of [14] as
positive idempotent transduction logics



which defines which atomic propositions are true at each element ofS, and identifies
thecurrent world.

Definition 2. AΛ-V-modelis a tuple(S,R, ρ, s) where(S,R) is aΛ-frame,ρ : S −→
℘(V), ands ∈ S.

HereV is a countable set of atomic propositions,ρ assigns those propositions to states
(so thatx ∈ ρ(t) if and only if x is true att), ands is thecurrent state of the model.
We will refer toΛ-V-models asΛ-models when there is no ambiguity aboutV . The
use of the termmodelrather thanstructureor systemis quite deliberate. A structure
implies some concrete entity, whereas we consider the models to be abstractions of
some real-world entity (but importantly, an abstraction that is equally as good as any
other bisimilar model).

The syntax of the modal logic (LΛ) is given with respect to the setsΛ (the set of
modalities) andV (the set of atomic propositions).

α ::= x | ¬α | α1 ∨ α2 | ♦aα (1)

wherex ∈ V anda ∈ Λ. Correspondingly, we will refer toΛ-V-models asΛ-models
when there is no ambiguity aboutV . We let the abbreviations∧, →, ↔, ⊤ and⊥ be
defined as usual and let�aα abbreviate¬♦a¬α. We letvar(α) be the set of proposi-
tional atoms appearing inα.

The modal logicLΛ has the following semantics. Given someΛ-modelM =
(S,R, ρ, s) for eacht ∈ S letMt = (S,R, ρ, t). We then define:

M |= x⇐⇒ x ∈ ρ(s)

M |= ♦aα⇐⇒ for some(s, t) ∈ R(a), Mt |= α

where¬ and∨ have their usual interpretation.
From a purely semantic view of logic, we can define a variety ofmodal logics by

restricting the class of models over which formulas are evaluated.

Definition 3. Given some setΛ, aΛ-classC is a class ofΛ-frames. The logicLC is the
set of allLΛ formulas which are true on allΛ-V-models,(S,R, ρ, s), where(S,R) ∈ C.

In an abuse of notation we may refer toM ∈ C, whereM = (S,R, ρ, s) and(S,R) ∈
C.

2.2 Bisimulation Quantifiers

Thebisimulation quantified logic ofC (BQLC) is the extension ofLC by bisimulation
quantifiers. The syntax is given by:

α ::= x | ¬α | α1 ∨ α2 | ♦aα | ∃xα (2)

wherex ∈ V anda ∈ Λ. To give the formal semantics we require bisimulations.
These are well-known and we extend this definition toΘ-bisimulations.



Definition 4. LetM = (S,R, ρ, s0) andN = (T, P, λ, t0) beΛ-V-models and sup-
poseΘ ⊆ V . We say the modelsM andN areΘ-bisimilar (writtenM ∼=Θ N ) if there
is some relationB ⊆ S × T such that:

1. (s0, t0) ∈ B;
2. for all (s, t) ∈ B, ρ(s)\Θ = λ(t)\Θ;2

3. for all (s, t) ∈ B, for all a ∈ Λ, for all u ∈ S such that(s, u) ∈ R(a) there is some
v ∈ T such that(u, v) ∈ B and(t, v) ∈ P (a);

4. for all (s, t) ∈ B, for all a ∈ Λ, for all v ∈ T such that(t, v) ∈ P (a) there is some
u ∈ S such that(u, v) ∈ B and(s, u) ∈ R(a).

We call such a relationB aΘ-bisimulationfromM toN and ifM ∼={x} N we sayM
andN arex-bisimilar (writtenM ∼=x N ).

GivenM = (S,R, ρ, s) is aC-model the interpretation of∃xα in BQLC isM |=C

∃xα if and only if there is someC-modelN whereN ∼=x M andN |=C α.
We note that the classC appears explicitly in the semantics, and thus has a direct

effect on the meaning of formulas. For example, we might havesomeΛ-modelM and
some formulaα such that for two classes,C andDM |=C α andM |=D ¬α. Consider,
for example, the formulaα = ∀x(x→ ♦ax), and supposeM is a{a}-model consisting
of a single world related to itself byR(a).

– In the classC of all reflexive{a}-frames we would haveM |=C α.
– However, in the class of all{a}-frames,D, we haveM |=D ¬α, sinceM is {x}-

bisimilar to some model(T, P, τ, t) wherex ∈ τ(t) and(t, t) /∈ P (a).

This is in contrast to the case of pure modal logic, where there is one semantics for all
logics, so thatLC andLD will always agree on the meaning of a formula (i.e. whether a
given formula is satisfied by a given model), but they may differ on whether a formula
is valid.

In the remainder of this paper we will letBQLΛ refer to the logicBQLC whereC
is the class of allΛ-frames, and writeM |=Λ α to denote satisfaction in this class.

2.3 Amalgamation

It was shown in [12] that bisimulation quantifiers are not well behaved for all classes of
frames. Particularly we can define a class of framesC such thatBQLC does not validate
the standard rules of propositional quantification:

1. Existential elimination: If φ → ψ is a validity andψ does not contain free occur-
rences of the variablex, then∃xφ→ ψ should also be a validity.

2. Existential introduction: Supposeα is a formula such thatβ is free forx in α. Then
α[x\β] → ∃xα is a validity.

Hereα[x\β] is the formulaα with every free occurrence of the variablex replaced by
the formulaβ, andβ is free forx in α if and only if for every free variable,y, of β the

2 Here,\ is used to indicate set subtraction.



variablex is not in the scope of a quantifier,∃y, in α. In [15], it is shown that these
laws, along with the tautologies of propositional logic, are sufficient to give a sound
and complete axiomatization of the extension of propositional logic by propositional
quantification.

Several classes of frames that do not validate these rules are presented in [12]. These
rules are sound for all logics,BQLC , whereC has theamalgamation property.

Definition 5. We say the class of framesC has theamalgamation property(or C is
amalgamative) if and only if for anyΘ1, Θ2 ⊂ V , for anyC-modelsM andN such that
M ∼=Θ1∪Θ2

N , there is someC-model,K such thatM ∼=Θ1
K andN ∼=Θ2

K.

The following was shown in [12] (where amalgamation was refered to as safety).

Lemma 1. If C enjoys amalgamation, then the rulesexistential eliminationandexis-
tential introductionare sound forBQLC .

Note that the soundness of existential elimination rule implies bisimulation invariance,
so as a corollary we have, ifC is amalgamative, thenBQLC is bisimulation invariant.

3 Motivation and examples

We will present some examples of bisimulation quantified modal logics, and then con-
sider some of the applications for bisimulation quantifiers. The first two examples
demonstrate the use of bisimulation quantifiers in the context of knowledge and belief.
As the modalities of knowledge and belief are, respectively, symmetric and Euclidean
[16], their interpretation relies on the converse relations. As such they cannot be pre-
sented using the positive idempotent transductions of [14].

3.1 Knowledge

We consider a very simple example in the context of epistemiclogic. Suppose that
Λ = {a, b} (for Alice andBob). We letC be theΛ-class of frames(S,R) where both
R(a) andR(b) are equivalence relations. This corresponds to a very simple logic of
knowledge where two worldsu andv are related byR(a) if and only if Alice cannot
distinguish between those two worlds, and thus�aα is true at the current world if and
only if α is true at every world that Alice cannot distinguish from thecurrent world (i.e.
Alice knowsα). See [11] for a good introduction to epistemic logics.

Consider a simple model which consists of only two worlds,lockedandunlocked,
that Alice can distinguish, but which Bob cannot. That is, inall worlds the formula
locked ↔ �alocked is true. Even though Bob does not know whether the door is
locked or not, he does know that Alice knows. Now suppose that(hypothetically) Bob
announces he is going to flip a coin and keep the result secret.We can consider the
hypothetical propositionheads, where�bheads∧¬�aheads is true. As a bisimulation
quantified formula this is expressed as∃heads(�bheads∧¬�aheads) and its semantic
interpretation is illustrated in Figure 1. The model on the right is {heads}-bisimilar to
the one on the left, and satisfies�bheads ∧ ¬�aheads at its bottom left world.
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Fig. 1. Two models demonstrating the interpretation of the formula∃heads(�bheads ∧
¬�aheads) in bisimulation quantified epistemic logic.

This is a very simple example, but we can see how bisimulationquantifiers can be
applied in different contexts. In this example we supposed it was possible for Bob to
be able to flip a coin and keep the result secret from Alice. However, if we restricted
the classC so that the equivalence classes ofR(a) were always subsets of equivalence
classes that belong toR(b) we would have a semantic where Alicealwaysknows more
than Bob (for example Alice might be a super-user who has access to all of Bob’s files).
In this case∃heads(�bheads ∧ ¬�aheads) would not be satisfied. Such hierarchical
logics of knowledge (without bisimulation quantifiers) areconsidered in [17]. In [18] a
bisimulation quantified logic of knowledge is presented, although several of the proofs
are flawed. The results of this paper redress some of those errors.

3.2 Belief

Another interesting example of the application of bisimulation quantifiers is in the logic
KD45, which is Kripke complete for the class of serial, transitive, Euclidean frames
(a frame is Euclidean if any two successors of a world are related to each other). In
BQL

KD45
,

♦(∃x(x ∧ �¬x)) (3)

is a validity, but∃x♦(x ∧ �¬x) is a contradiction. The unsatisfiability of the second
follows from the fact that�(x → ♦x) is a validity of KD45. Figure 2 demonstrates
how formula (3) is satisfied. Here,M is a KD45 model, andMt

∼=x Nt′ , but there
is no KD45-modelK = (U,Q, γ, u) whereK ∼=x M andKv

∼= Nt′ for somev
where(u, v) ∈ Q. That is, the bisimulation quantifier does not necessarily commute
with modalities, so bisimulation quantifiedKD45 does not satisfy the Barcan formula,
∀x�α → �∀xα. This may appear to be a flaw in the interpretation of bisimulation
quantifiers. However,KD45 is the logic of belief and in this context it makes sense.
An agentbelievesthat some set of worlds are possible, and refuses to believe any other
world is possible. Suppose that we are dealing with an informed agent that knows the
difference between belief and knowledge. The agent wouldbelievethat in principle it
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Fig. 2. A depiction of the validity (3) with respect to the class ofKD45 frames.

is possiblethat he believes some (hypothetical) property to be true, even though that
property is not satisfied at the current world. That is,♦∃x(¬x ∧ �x) is valid. However
the agent would still not concede that any of the real, non-hypothetical properties (i.e.
unquantified propositions) that he believes are false.

3.3 Expressing refinement

We consider the applications of modal logic to the verification and modeling of compu-
tational systems. Such systems can be specified at many levels of abstraction, ranging
from the individual transistors that make up a circuit, to objects of high level program-
ming languages.

Abadi and Lamport [19] examine the problem of specifying andreasoning about
systems at multiple levels of abstraction. They divide the properties at any level of
abstraction into external properties and internal properties, where the external properties
describe the visible behavior of a system. At a higher level of abstraction less properties
are externally visible. Abadi and Lamport use finite state machines to represent the
behavior of systems, and apply the notion of arefinement mapping[20] to verify if one
specification implements another specification (or agrees with the external properties of
that specification).

In the context of general modal logics, such refinements can be modeled by bisimu-
lation quantifiers. For example two security protocols could be specified by the formulas
of epistemic logic,S1(x, y) andS2(x, z), respectively. We are able to express that the
specificationS1 always agrees with the specificationS2 with respect to the proposi-
tional atoms (or properties),x using the bisimulation quantified epistemic formula

∀x∀y(S1(x, y) → ∃zS2(x, z)). (4)

We note that the use of bisimulation quantifiers rather than naive propositional quan-
tifiers is significant here. For example, it is possible that the specificationS1(x, y) is
satisfiable in a model containing only three worlds, whilstS2(x, z), can only be satis-
fied by models with more than three worlds. In such a case the formula (4) would not
be valid.



We do not consider any particular specifications, or any specification languages
here. Rather we simply note that bisimulation quantifiers seem to naturally capture the
intuitive meaning of one specificationimplementing another. A general aim of this
paper and other works [14, 15, 13] is to develop a formal framework for the iterative
refinement of specifications in different ontologies.

4 The modalµ-calculus with converse

In this section we examine themodalµ-calculus with converse[21]. The converse op-
erators inverts the modal accessibility relation allowingus to “see” backwards along a
relation. Including converse programs is important to allow us to capture the symmet-
ric nature of the modal relations inS5and other similar logics. However, the converse
operators also significantly increase the complexity of thedecidability proof.

4.1 Syntax and semantics

The full µ-calculus, µLΛ is an extension of modal logic that includes theleast fixed
point operatorµ, and converse modalities:

α ::= x | ¬α | α ∨ α | 〈a〉α | 〈a−〉α | µxα (5)

wherex ∈ V , a ∈ Λ and in the recursion forµxα we require thatx only occurs in
the scope of an even number of negations inα. We let νxα be an abbreviation for
¬µx¬α[x\¬x], (whereα[x\¬x] is α with every free occurrence ofx replaced by¬x).

The interpretation of〈a〉α is the same as the interpretation of♦aα and the interpre-
tation of〈a−〉α is given as:

Mt |= 〈a−〉α⇐⇒ for some(s, t) ∈ R(a), Ms |= α.

The interpretation ofµxα is the least of all assignments ofx such thatx is true
exactly whereα is true, and the operatorν refers to the greatest such assignment[22].

4.2 Results for the modalµ-calculus with converse

The modalµ-calculus without converse was introduced by Kozen in [22].In [23] it was
shown thatµLΛ corresponds to the bisimulation invariant fragment of monadic second-
order logic. Emerson and Jutla presented an exponential time decision procedure for
the modalµ-calculus in [24]. In [3] it was shown that theµ-calculus was closed under
bisimulation quantifiers. That is, for all formulas of theµ-calculusα, for all atomic
propositionsx, there is some formula of theµ-calculus,̃∃xα, such that for all models,
M ,M |= ∃̃xα if and only if there is some modelN ∼=x M such thatN |= α.

Theµ-calculus with converse (or thefull µ-calculus) was shown to be decidable in
[21]. The proof of decidability definedtwo-way alternating automatato accept models
of full µ-calculus formulas, and then reduced the two-way alternating automata to (one-
way) non-deterministic automata.

It is well-known that theµ-calculus can expressdynamic modalities(or programs).



Definition 6. LetΛ be a set of atomic programs. Theµ-programsπ overΛ (ProgΛ)
are:

π := a | π;π | π ∪ π | π∗ | π− | α?;

wherea ∈ Λ and
α := P | ¬φ | α ∨ α | 〈π〉φ | µPα,

providedP is under an even number of negations inα.

The modalities,〈π〉, corresponding to programs,π are defined as usual by extend-
ing the functionR to map all programs,π, to a binary relation overS, R(π). This is
done inductively where: the base case is given byR(a) for a ∈ Λ; R(π1;π2) is the
composition of the relationsR(π1) andR(π2); R(π1 ∪ π2) is the union ofR(π1) and
R(π2); R(π∗) is the reflexive transitive closure ofR(π); R(π−) is the converse of the
relationR(π) (so that(u, v) ∈ R(π−) if and only if (v, u) ∈ R(π)); andα? is a test
program defined byR(α?) = {(u, u) |Mu |=C α}.

We use theµ-programs defined here to describe a large class of bisimulation quan-
tified modal logics. Whilst these classes of logics may be defined using converse pro-
grams, the logics themselves only use forward modalities. To address this asymmetry
we give the following definitions.

We first focus on translating the class ofCΛ-models to a class of models where the
converse of each atomic modality is explicitly representedby another atomic modality.

Definition 7. 1. Given the setΛ = {a1, a2, . . .}, let Λ′ be a set{b1, b2, . . .} such
that Λ ∩ Λ′ = ∅. Theconverse closureof Λ, with respect toΛ′, is the setΛ =
{a1, b1, a2, b2, . . .}, and for all i, we letai = bi andbi = ai.

2. Given theΛ-class of framesC, let theconverse extensionof C be theΛ-classC =
{(S,R)|(S,R) ∈ C} whereR : Λ −→ S × S is defined such that for alla ∈ Λ,
R(a) = R(a) and(u, v) ∈ R(a) if and only if(v, u) ∈ R(a).

3. Given theC-modelM = (S,R, ρ, s) let theconverse extensionof M be theC-
modelM = (S,R, ρ, s).

4. Given anyC
Λ

-modelM = (S,R, ρ, s) we define theconverse closure ofM to be
theCΛ-modelM+ = (S,R+, ρ, s) where foro ∈ Λ,R+(o) = R(o)∪{(u, v)|(v, u) ∈
R(o)}.

The following definition introducestree-likemodels. Tree-like models are useful
since they require that every world in the model is reachablefrom the current world.
This allows us to interpret converse modalities in terms of atomic modalities.

Definition 8. For anyΛ, we say aΛ-modelM = (S,R, ρ, s) is tree-likeif

1. for all u ∈ S\{s}, there is exactly one pair(o, v) ∈ Λ×S such that(v, u) ∈ R(o);
and

2. for all u ∈ S, for all o ∈ Λ, (u, s) /∈ R(o)
3. for all u ∈ S\{s}, there is some finite sequenceu0, u1, . . . , un such thatu0 = s,
un = u and for all i < n, there is someo ∈ Λ such that(ui, ui+1) ∈ R(o).

Lemma 2. For everyCΛ-modelM , there is some tree-likeCΛ-modelN such thatM ∼=
N .



The proof is given in [15] (Lemma 5.89).

Lemma 3. For everyCΛ model,M , for every tree-likeC
Λ

modelN whereN ∼=x M ,
we haveN+ ∼=x M .

The proof is given in [15] (Lemma 5.93).
Using these definitions, we can describe a translation from the modalµ-calculus

with converse, to the modalµ-calculus without converse.

Theorem 1. There exists a translation(·)′ from µLΛ with converse toµL
Λ

without
converse, such that for all tree-likeΛ-modelsM , for all µLΛ formulasα, M+ |= α if
and only ifM |= α′.

We sketch the proof of this theorem via alternating automataandµ-automata here
(see [25] for an overview of these formalisms). As the language of alternating automata
is equivalent to the modalµ-calculus we can define an alternating automaton,A (over
the set of programs{a, a− | a ∈ Λ}) such thatA acceptsM+ if and only ifM+ |= α.
FromA, we can define aµ-automatonA2, such thatA2 accepts tree-likeΛ-modelM
if and only ifA acceptsM+. This is based on Vardi’s construction [21] and a complete
description is given in [15], Appendix C.
Finally, as there is an effective translation fromµ-automata to theµ-calculus [23], we
can convertA2 to theµL

Λ
formulaα′, so thatM+ |= α if and only ifM |= α′.

5 Idempotent transductions

Here we consider a class of decidable bisimulation quantified modal logics which in-
cludes the bisimulation quantified extensions ofS4, GL , S5andKD45. We refer to this
class of logics as theidempotent transduction logics. Aside from the well-known logics
above there are many other idempotent transduction logics.These logics are defined by
encoding modalities asµ-programs, so potentially we can rapidly provide expressive
and decidable logics for different ontologies “on the fly”.

Recall the definition ofProgΛ (Definition 6).

Definition 9. Given a finite set of modalitiesΛ, a Λ-transduction is a functionΠ :
Λ −→ ProgΛ.

We can applyΛ-transductions to frames as described in the following definition:

Definition 10. Given aΛ-transduction,Π , and aΛ-frameF = (S,R) we defineFΠ =
(S,Rπ) where for allu, v ∈ S, (u, v) ∈ RΠ(a) if and only if for all modelsM =
(S,R, ρ, s), (u, v) ∈ R(Π(a)). We define thetransduction class ofΠ (written CΠ ) to
be the class ofΛ-framesFΠ whereF is anyΛ-frame.

Definition 11. AΛ-transductionΠ is anidempotent transductionif for all a ∈ Λ,Π(a)
contains no free atomic propositions and for allΛ-modelsM , for all tree-likeΛ-models
N such thatN ∼= MΠ we haveMΠ ∼= NΠ . If Π is a idempotent transduction, then
CΠ is anidempotent transduction classof frames and the logicBQLCΠ

is an idempotent
transduction logic.



Positive Idempotent transductions were identified for transductions that did not use the
converse operator [14]. Positive idempotent transductions are truly idempotent (where
idempotent meansMΠ = (MΠ)Π ). To accommodate converse operators in the trans-
ductions the definition has been generalized.

5.1 Amalgamation for idempotent transduction logics

Amalgamation is an important property as it allows us to use the tautologies of propo-
sitional quantification in a logic. We can show that all idempotent transduction logics
enjoy amalgamation.

Lemma 4. Given any two tree-likeΛ-modelsM andN , and someΛ-transductionΠ
such that for alla ∈ Λ,Π(a) contains no free atomic propositions fromΘ, if M ∼=Θ N
thenMΠ ∼=Θ NΠ

The proof is given in [15] (Lemma 6.133).
Given any idempotent transduction,Π , we can show thatCΠ enjoys the amalgama-

tion property (Definition 5).

Lemma 5. Every idempotent transduction class is amalgamative.

Proof. Suppose thatΠ is an idempotentΛ-transduction,M = (S,R, ρ, s) andN =
(T, P, τ, t) areCΠ -models andM ∼=Θ∪Γ N . By Lemma 2 there is some tree-likeΛ-
modelM ′ = (S′, R′, ρ′, s′) and some tree likeΛ-modelN ′ = (T ′, P ′, τ ′, t′) such that
M ′ ∼= M andN ′ ∼= N . ThereforeM ′ ∼=Θ∪Γ N ′ via some bisimulationB ⊆ S′ × T ′.
LetL = (B,Q, η, (s′, t′)) be aΛ-model where

1. for all a ∈ Λ, ((u, v), (w, z)) ∈ Q(a) if and only if (u,w) ∈ R(a) and(v, z) ∈
P (a), and

2. η(u, v) = (ρ′(u)\Θ) ∪ (τ ′(v)\Γ ).

Clearly,L ∼=Θ M ′ andL ∼=Γ N ′. Again by Lemma 2 there is some tree-likeΛ-model
K such thatK ∼= L and thusK ∼=Θ M ′ andK ∼=Γ N ′. By Lemma 4 and the fact that
Π is idempotent,

M ∼= (M ′)Π ∼=Θ KΠ ∼=Γ (N ′)Π ∼= N,

soCΠ is amalgamative.

The following lemma can be shown by a simple induction over the complexity of
programs.

Lemma 6. Given anyΛ-models,M andN such thatM ∼=2
Θ N , and aΛ-transduction

Π such that for alla ∈ Θ,Π(a) does not contain any free propositional atoms fromΘ,
we haveMΠ ∼=2

Θ NΠ .



5.2 Examples

Before we proceed with the proof of decidability, let us consider some examples. The
logic S4has been shown to be equivalent to the pure modal logic of all reflexive, tran-
sitive frames. The class of all reflexive transitive{a}-frames (wherea is some arbitrary
label on a modality) is equivalent to the classCΠ whereΠ is the {a}-transduction
defined byΠ(a) = a∗. Therefore the bisimulation quantified extension ofS4 is an
idempotent transduction logic. Similarly:

1. S5 is the pure modal logic of all reflexive, symmetric and transitive frames. It is
defined by the transductionΠ(a) = (a ∪ a−)∗.

2. GL is the pure modal logic of all transitive, well-founded frames. It is defined by
the transduction

Π(a) = (µx[a]x)?; a; a∗.

The test ensures the for all(u, v) ∈ Π(a), everya-path starting atu is finite. The
correctness of this transduction (using a different notation) is presented in [15],
Lemma 6.139.

3. KD45 is the pure modal logic of all serial, transitive, Euclideanframes (where a
frame is Euclidean if every successor of any given world is related to one another,
see Figure 2). It is defined by the transductionΠ(a) = ((a ∪ a−)∗; a) ∪ ([a]⊥)?.

Idempotent transductions also allow us to define the interactions between different
modalities. Consider the following logic of hierarchical knowledge. LetS5⊆n be the
class ofΛ-frames,(S,R) where

– Λ = {1, 2, . . . , n},
– for all i ∈ Λ,R(i) is reflexive, transitive and symmetric, and
– for all i ∈ Λ, for all j < i,R(j) ⊆ R(i).

This describes a system of hierarchical knowledge so that�i is a knowledge operator
for agenti, and if j < i, agentj knows at least as much as agenti. See [17] for
a discussion of logics of hierarchical knowledge. For eachi in Λ we defineΠ(i) =
(1 ∪ 1− ∪ . . . ∪ i ∪ i−)∗.

An advantage of idempotent transduction logics is that theyallow us to easily define
powerful combinations of logics. For example, to reason about a system of belief and
knowledge, we may suppose the standard interpretations forbelief and knowledge hold,
and also that knowledge implies belief, but not necessarilyvice-versa. This situation can
be described using the idempotent transduction,Π :

Π(k) = (k ∪ k− ∪ b ∪ b−)∗

Π(b) = ((b ∪ b−)∗; b) ∪ ([b]⊥)?

where[k]φ means the agent knowsφ, and[b]φ means the agent believesφ.

5.3 The decidability of idempotent transduction logics

We can now show that all idempotent transduction logics are decidable by reducing
their satisfiability problem to the satisfiability problem for the fullµ-calculus.



Theorem 2. For every idempotentΛ-transduction,Π , there is a translation(·)Π from
BQLCΠ

to µLΛ such that for allΛ-models,M

M |=CΠ
α⇐⇒M |= αΠ . (6)

Proof. The proof follows from the inductive construction ofαΠ which we describe
here. As the base of this induction we may suppose thatα contains no bisimulation
quantifiers at all. In this case we letαΠ = α[a\Π(a)]a∈Λ, whereα[a\Π(a)]a∈Λ is the
formulaα with every modality,♦a, replaced by〈Π(a)〉. By comparing the definition
of MΠ with the semantics forµLΛ extended with dynamic modalities (Definition 6),
we can see

MΠ |=CΠ
α⇐⇒M |= α[a\Π(a)]a∈Λ. (7)

Now we proceed by induction. For all operators except the bisimulation quantifier the
constructions are trivial:(α1 ∨ α2)

Π = αΠ
1 ∨ αΠ

2 ; (¬α)Π = ¬αΠ ; and ♦aα =
〈Π(a)〉α. The proofs follow directly from the semantic definitions ofthe operators.

We are left to define the translation for the bisimulation quantifier. Suppose that for
all Λ-modelsN ,NΠ |=CΠ

α if and only ifN |= αΠ , and suppose thatMΠ |=CΠ
∃xα.

By the definition,

MΠ |=CΠ
∃xα⇐⇒ ∃NΠ ∈ CΠ , N

Π ∼=x M
Π , and NΠ |=CΠ

α. (8)

SinceΠ is an idempotent transduction, ifT is a tree-likeΛ-model such thatT ∼= NΠ ,
thenTΠ ∼= NΠ . LetTΛ the the set of tree-likeΛ-models. By Lemma 2, the transitivity
of bisimulation and Lemma 1

MΠ |=CΠ
∃xα⇐⇒ ∃T ∈ TΛ, T ∼=x M

Π , and TΠ |=CΠ
α. (9)

Now, by applying the induction hypothesis it follows:

MΠ |=CΠ
∃xα ⇐⇒ ∃T ∈ TΛ, T ∼=x M

Π , and T |= αΠ . (10)

The full µ-calculus is not closed under bisimulation quantifiers (since bisimulations
only respect forward modalities). AsαΠ is a formula of the fullµ-calculus, by The-
orem 1 there is aµL

Λ
formula without converse,(αΠ)′, such thatT |= (αΠ)′ if and

only if T+ |= αΠ . As T is aΛ-model (and thus aΛ-model), we haveT |= αΠ if and
only if T+ |= αΠ . Furthermore, we may suppose that(αΠ)′ does not contain converse
modalitiesa, (since〈a〉φ will always be false). Therefore(αΠ)′ is a formula ofµLΛ

without converse, which is closed under bisimulation quantifiers [3]. That is, there is
a computableµLΛ formula,∃̃x(αΠ)′ such that for allΛ-modelsN , N |= ∃̃x(αΠ)′ if
and only if, for some modelK ∼=x N ,K |= (αΠ)′. Therefore

MΠ |=CΠ
∃xα⇐⇒MΠ |= ∃̃x(αΠ)′. (11)

Finally, from the semantic interpretation of the full modalµ-calculus we can see

MΠ |=CΠ
∃xα⇐⇒ M |= (∃̃x(αΠ)′)[a\Π(a)]a∈Λ, (12)

where whereα[a\Π(a)]a∈Λ is the formulaα with every atomic program,a, replaced
byΠ(a). To complete the proof we let(∃xα)Π = (∃̃x(αΠ)′)[a\Π(a)]a∈Λ.



In [14] a more simple reduction that did not consider converse modalities was used
to prove decidability for positive idempotent transduction logics. A more complex de-
cidability proof for idempotent transduction logics is given in [15] (Theorem 6.136).

We proof in [15] relied on the following theorem forBQDLΛ, (which isproposi-
tional dynamic logic with converse programsextended by bisimulation quantifiers).

Theorem 3. Given anyΛ, for all formulasα of BQDLΛ there is some computable
BQDLΛ formulaα∗ such that for anyΛ-classC, for anyC-modelM ,M |=C α

∗ if and
only ifM |=Λ α.

The proof is given in [15] (Theorem 5.108) and follows the same strategy as the proof
of Theorem 2, whereα∗ is inductively defined to beµ-calculus formula equivalent to
α. As the interpretation of theµ-calculus is independent of the class of frames, the
Theorem follows.

6 Conclusion

This paper presents a general class of bisimulation quantified modal logics, theidem-
potent transduction logics, that are amalgamative and decidable. This class is defined
by taking the fixed points (modulo bisimulation) of transductions defined by programs
of propositional dynamic logic with converse.

The benefits of this approach are as follows:

1. This definition provides a powerful methodology for extending and combining
bisimulation quantified modal logics. A number of logics canbe combined, where
the modalities interaction can be expressed using programsof propositional dy-
namic logic.

2. Including bisimulation quantifiers in a logic can greatlyincrease the expressivity of
the logic, allowing us to represent operators such as theuntil operator of temporal
logic or fixed point operators. Furthermore in [15] it is shown thatBQDLΛ is non-
elementarily more succinct than the modalµ-calculus.

3. Bisimulation quantifiers have a natural interpretation as ahypothetical assignment
of atoms. This allows them to be applied directly to refinement and simulation
problems in a variety of ontologies.

Future work will examine further generalizations of the class of idempotent trans-
duction logics. However, we note that this great generalitycomes at the cost of com-
plexity. Therefore, we will also consider sub-classes of the idempotent transduction
logics and look for efficient model-checking procedures, decision procedures, and ax-
iomatizations.
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