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Abstract. In this paper we introduce a general semantic interpretétiopropo-
sitional quantification in all multi-modal logics based asimulations (bisimula-
tion quantification). Bisimulation quantification has prasly been considered
in the context of isolated modal logics, such as PDL (D’Aguastand Hollen-
berg, 2000), intuitionistic logic (Pitts, 1992) and logiok knowledge (French
2003). We investigate the properties of bisimulation qgifi@ns in general modal
logics, particularly the expressivity and decidabilitpdaseek to motivate the
use of bisimulation quantified modal logics. This paper adses two impor-
tant questions: when are bisimulation quantified logicénhigation invariant;
and do bisimulation quantifiers always preserve decidgBiNVe provide a suf-
ficient condition for bisimulation invariance, and give texamples of decidable
modal logics which are undecidable when augmented withmhilsition quan-
tifiers. This is part of a program of study to characterize eéRpressivity and
decidability of bisimulation quantified modal logics.

1 Introduction

In this paper we introduce a general semantic interpretdtiopropositional quantifi-
cation in modal logic. This interpretation is based on thiomoof bisimulation[11, 10].
We usebisimulation quantifier§3] to quantify over the interpretation of propositional
atoms in all bisimilar models. Bisimulation quantifiers wémtroduced in [8] and [14]
and have been defined in logics based on PDL [3], intuitianisgics [12] and logics
of knowledge [6].

Modal logics find use in great variety of applications, sustieaporal reasoning,
reasoning about the correctness of programs, and reasabing knowledge [4]. The
variety of modal logics is achieved by restricting the stnoes (or models) of the logics
to various classes. When applying bisimulation quantifierthese logics we do not
guantify over the entire bisimulation class of a structuather we quantify over the
intersection of that bisimulation class with the class oi&ures that defines the logic.

In the context of modal logic, bisimulation quantifiers argsdural extension which
have some nice properties which we discuss in Section 3. WitdWie bisimulation
quantification to preserve our intuitions regarding prathmsal quantification, partic-
ularly the axioms ofxistential introductiorand existential eliminationWe define a
class of logics, theafelogics, for which these axioms are sound.

In 1970 Kit Fine [5] investigated the decidability of proftasnal quantifiers in
modal logics. The standard propositional quantifiers wéghli expressive and often
undecidable (for example, in the caseskofand S4). Bisimulation quantifiers quan-
tify over the interpretation of propositions in all bisimilmodels and are consequently



less expressive. In fact the logicaugmented with bisimulation quantifiers is no more
expressive thaK itself.

D’Agostino and Hollenberg have shown the decidabilityBd)L [3], which is ef-
fectively the dynamic modal logi&DL, augmented with bisimulation quantifiers, and
in [6] the decidability of logics of knowledge with bisimuilan quantifiers is shown.
Unfortunately it is not always the case that augmentatidh bisimulation quantifiers
preserves decidability. In this paper we show two decidatidal logicsS5 x S5 and
LTL x S5, are undecidable when augmented with bisimulation quargifi

2 Syntax and Semantics

We letL¢ be a multi-modal logic consisting &f modalities, wher& represents the
class of frames over which the logic is defined. Given a maoaigiclL., we will let
QL. be an extension di includingbisimulation quantifierg¢defined below).
LetV be a set of atomic propositions. We recursively define theédas ofL: as
follows:
a=zx|-oalaVa | Oa 1)

wherez € V andi = 1,...k. The syntax foIQL, includes the recursioBza, where
x € V. We let the abbreviations, —, <>, T, L andV be defined as usual and let;«
abbreviate- ¢ ;—a.

We will first give the semantics for an arbitrary modal logigheut bisimulation
quantifiers.

Definition 1. A k-frame F, is given by the tupléS, Ry, ..., R;) whereS is a set of
worldsand for each, R; C SxS.Ak-model M, is given by the tupléS, R, ..., Ry, m, s)
wheres € Sandrw : S — p(V)

We let 2 abbreviateR,, ..., R;, and fors' € S we let My = (S,R,7,s'). Given
a k-model,M = (S, R, n,s), the semantic interpretation of propositional atoms and
modalities is given by:

MEz < zemn(s) 2
ME<C,a <= 3d(s,t)€eR;, M; =a (3)

and the propositional operators have their usual mearfiadormula is true in ever¥-
model it is referred to as a validity, and if it is true in sokenodel it is satisfiable. The
set of valid formulas in this language is referred tdgs(the fusion ofk unrestricted
modalities, see [7]). However the usefulness of modal logioes from placing restric-
tions on modalities. For example specifying a modality tdarbesitive, irreflexive and
antisymmetric allows it to represent properties of timej apecifying a modality to be
reflexive, symmetric and transitive allows it to represeaniperties of knowledge [4].
For a givenk, we letC be a class ok-frames.

Definition 2. Given a set ok-frames(, we say(S, R) is aC-frame if (S, R) € C and
we define @-modelto be the tuple = (S, R, n, s) wherer : S — p(V),s € S
and(S,R) € C.



The set of valid formulas in the languabg is defined by restricting the logic to the
class of’-frames, so that a formulais valid fog if and only if itis true for allC-frames.
To define propositional quantification we will require sondéelisional definitions, based
on the concept of a bisimulation [10] [11].

Definition 3. Given theC-modelsM = (S, R,n,s) and N = (T, P, \,t), and given
© C V we say the modeld/ and N are @-bisimilar (written M =g N) if there is
some relationB C S x T such that:

1. (s,t) € Bandforall(s,t) € B, w(s)\O = A(t)\O;

2. forall (s,t) € B,forallu € S, if (s,u) € R; then there exists sonfe,v) € B
such that(t,v) € P;;

3. for all (s,t) € B, forallv € T if (t,v) € P; then there exists sonfa,v) € B
such that(s,u) € R;.

We call such a relatiorB a ©-bisimulatiort from M to N. If M =, N we say they
are bisimilar (written M = N), and if M =;,, N we sayM and N are z-bisimilar
(written M =2, N).

We are now able to give the semantic interpretation of bitatian quantification
in QL:

M |= 3zaif and only if there is somé-model,N such that\/ =, N andN [ «a.

We note that the meaning ¢f is now dependent o@. In the case that is not clear
from context, we will write=c.

3 Properties of bisimulation quantification

Bisimulations have been investigated in the context of miodécs for many years. The
following results are well-known:

Lemma 1. For all ©® C V, ©-bisimulation is an equivalence relation.

Lemma 2. For all pure modal formulag not containing atoms fror®, for all models,
M andN, if M |= ¢ and M is @-bisimilar to N, thenN |= ¢.

Bisimulation quantifiers are a natural extension to modgidoThey allow us to
achieve some powers of monadic second-order logic whiigini@g many of the intu-
itions of pure modal logic. The semantics can appear dagingince every occurrence
of a quantifier in a formula requires us to consider all pdedifisimulations of a given
model (this complexity is apparent in Section 4.1). Howehere is a good argument
for studying bisimulation quantifiers further. Severaimiglation quantified modal log-
ics, such as BQL [3], are expressively equivalent to the rhpdealculus. Reasoning

! Note, in some previous work (e.g. [3]),@-bisimulation refers to what we would denote a
V\©@-bisimulation. The current notation is more convenienthia tontext of propositional
quantification.



in the u-calculus is relatively efficient (EXPTIME), angd-automata [9] allow us to ef-
fectively represent bisimulation quantifiers (the condian is effectively equivalent to
the projection operation in binary tree automata). In sudase we can avoid much
of the complexity involved in bisimulations, whilst stilhfying the ability to express
higher order properties.

The action of bisimulation quantifiers is also worth inveating in its own right,
rather than as a simple tool to gain greater expressivityeiGany structure), in
any pure modal logicC, let £ be set of formulag such thatM = ¢. We will refer
to the setl as thefactsof M, whilst C is the context ofd/. We can suppose that an
agent reasoning about knows the context ofi/ (for example ifC was a temporal
system, we would expect an agent would know time is tramitiand knows all the
facts of M. Importantly the agent does not know about the structurgé/ofwhich is
really just a tool to facilitate the sét. So if the agent were to reason about alternative
interpretations for an atom;, we would expect the agent to consider any model that
is firstly, an element of, and secondly agrees with on all pure modal formulas
not containinge. This process can be applied recursively to motivate anybaurof
nestings of bisimulation quantifiers. This argument is metjse: there are cases where
two non-bisimilar models can satisfy the same set of pureahfmmulas. However
it does give some philosophical motivation for studyingrhislation quantifiers. The
relationship between bisimulations and non-well-founsiets is explored in [2].

The final reason for examining bisimulation quantifiers iattthey give us some
power for describing the logic itself. For example,(z — < ;z) is equivalentto saying
“the modality, ¢ ;, is reflexive”. However this is not a statement about anyi@aler
structure. It says that in every model in the cl@€sthe modality <; is reflexive, so
x — <O is a validity. Being able to express validities as validitiether than simply
as satisfied formulas, does not change the expressivitgdbtlic, but it certainly could
be significant in providing axiomatizations, or allowing taxogical reasoning.

As the properties definable in modal logic are bisimulatiomariant [13], the appli-
cation of bisimulation quantifiers does not affect the iptetation of pure modal formu-
las. However we would also like the semantic interpretatibiisimulation quantifiers
to preserve the intuitions of propositional quantificatiBarticularly, it should satisfy
the standard axioms for propositional quantifiers:

1. If ¢ — ¢ is a validity andy) does not contain the variahte then for every model
thatdx¢ — ¢ should also be a validity. This is referred toeagstential elimination

2. Supposer is a formula such that is free forz in «. Thena[z\f] — Jza is a
validity. This is referred to asxistential introduction

Herea[z\ 3] is the formulax with every free occurrence of the variahleeplaced by
the formulas, andg is free forz in a if and only if for every free variabley, of 3 the
variablez is not in the scope of a quantifiéfy, in a.

Unfortunately these axioms will not hold for all logid3L.. However these axioms
are sound for alkafelogics, defined below:

2 The author thanks Giovanna D’Agostino and Giacomo Lenzirfgroving this definition



Definition 4. We say the class of framéss safeif and only if for any®,,0, C V, for
anyC-modelsM and N such thatM =g,ue, N, there is som€-model, K such that
M =o, K andN =o, K.

Lemma 3. Suppose that is safe andV/, N are C-models such that/ =o N. Then
for all formulas,a, not containing free atoms frof, M = « ifand only if N = «a.

Proof. This is shown by induction over the complexity of formulafheTcases for
propositional atoms and propositional operators areattiBuppose that for some
not containing atoms fron®, for all C-models,M and N with M =g N we have
M = «aifandonly if N |= a.

LetM = (S,R,n,s) andN = (T, P, u,t) beC-models. IfM =g N andM | <;a,
then there is somé€ € S suchthats, s') € R; and(S, R, 7, s') = a. SinceM =g N,
there is some’ € T such that(t,') € P; and(S, R, 7,s') 2o (T, P,u,t'). By the
induction hypothesigT, P, u, ') = a, and thusV = < ;a.

Now suppose that/ and N areC-models such that/ =g N andM = Jza. Then
there is some modél!’ such thatV/ =, M’ andM' |= a. ThereforeN andM' are
{z} U ©-bisimilar, (by Lemma 1). Sincé is safe, there must beCaframe,K such that
K =g M'andK =¢,, N. By the induction hypothesidy |= a, and thusV = 3za.
As the converse for these inductions is symmetric this iBceiit to prove the lemma.

Lemma 4. GivenC is safe, the axiomexistential eliminatiorandexistential introduc-
tion are sound folQL,.

Proof. To show existential elimination is sound, suppose that fflof anodels,a —
is a validity, and for somé-model,M, we havel = Jza, wherex is not a variable of
B. Thus there is som@&model, NV, such thatM/ =, N andN modelsa. Sincea —
is a validity, we haveV |= 5. SinceM =, N, it follows from Lemma 3 thail/ = §.
Therefore existential elimination is sound.

To show existential introduction suppose thdt = (S, R, 7, s) is a C-model such
that M = afz\p] whereg is free forz in a. We define the modeN = M;3_,, =
(S, R, p, s) wherep is such that for alt € S, 7(t)\{z} = p(t)\{z} andz € p(¢) if
and only if M; = B. In the first instance we will assume thats not a free variable of
S. For all subformulasy of a, lety’ = v[z\j3]. We show for alkt € S, M; = +' if and
only if N; =+ by induction over the complexity of formulas. As the baseesasf the
induction we havé\/; = +' if and only if N; = v wherey is an atomic proposition.
Now assume for any we haveM,; = +' if and only if N; |= +. It follows directly that

1. N; |: Y — M; ‘: (_"}/)I.
2. N; |: Y1V 7y = M, ‘: (’}/1 V’}/Q)I.
3. N; |: <>27 <— M; |: (<>Z’}/)/

Now suppose thaV; = Jyv. Therefore there is somemodel K = (U, P, p,u) such
that K =y, N; (SOK =, ,, M;) andK | v. By the safety oC there is some
C-model,L such thatl =, K andL =, M;. If  does not occur free iny, then by
Lemma 3 we havéd. = v, andy = 4/, so the induction follows. If: does occur iny,
theng does not contain the atom sincez is free forg in a. Sincex does not occur in
B, we have foralb € U, K, = z <+ (. ThereforeK = Kz_,, so we can apply this



construction inductively to deriv& = +'. It follows from Lemma 3 thaf. = +' and
thereforeM; = Jyv'.
Conversely suppose thaf; = 3y+'. There is som&€-model,K = (U, P, p,u) such
thatK =, M; (SOK =, 3 N;) andK = +'. By the safety o there is some model
L = (V,Q,n,v) such thatl, =3 NandL =,y K. If v does not contaim the result
follows from Lemma 3. Ify does contair, theng cannot containy, so for allw € V,
Ly |= 8 + z (sinceL is y-bisimilar to ;). As K |= +/, it follows from Lemma 3 that
L = +'. SinceL = Ls_,, we can again apply this construction inductively to derive
L |= v and thereforeV; = Jy~.
To complete this proof we need to generalize to the case wheray be a variable of
B. Leta’ be the formula with every free occurrencexofeplaced byy, wherey does
not occur in nor 3. As z is free forj in a, y is free fors in o’ (sincey does not occur
in a). Clearlya'[y\f] is the same a&[z\3] and asy does not occur irf the above
induction applies. Thus

ofz\B] — Jya’ (4)

is a validity. Asz does not occur free in’ from the semantic definition of existen-
tial quantification and Lemma 3 we ha¥ga’ — Jza is also a validity and hence
existential introduction is valid.

To see the value of the lemma above it is worthwhile looking arclass of frames
which is not safe. Later we will see a lodi® x S5 which does not enjoy this property,
but first we will consider a simpler logic. L&hree be the set of all frames; = (S, R)
where|S| = 3andR = S x S. We can define twd@hree-models which demonstrate
existential elimination is not sound. Particularly, let

- M = (S,R,n,a) whereS = {a,b,c}, R =S x S, n(a) = {y, 2z}, n(b) = {y}
andr(c) = {z}.

— N = (T,P,p,d) whereT = {d,e, f},P =T x T, p(d) = {y}, ple) = {z,w}
andp(f) = {«}.

Now M =, ., N via the bisimulationB = {(a,d), (b,d), (c,e), (c, f)} but there
is no Three-model, K = (U, Q,n,u) such thatM =, K andN =, K. To see
this we note that any such model must contain some gtatd/, with n(g) = {y, z},
some stateh € U with n(h) = {y}, some state € U with 5(i) = {z,w} and
some statg € U with n(j) = {«}. That is, K cannot be &hree-model. Therefore
M Erhree 323w (< (2Aw)A O (2A-w)), BUtM FEThree Fw (O (2AW)A O (2A-w))

This example exploits a simple counting property to invatiédexistential elimina-
tion. TheS5 x S5 example below shows how more complex structural propectes
make a class of frames unsafe.

4 Undecidable logics

Here we will briefly examine some logics which are decidabie,whose bisimulation
quantified extension is undecidable. The logics we will dbescare PLTLx S5 and
S5 x S5. The decidability of both of these logics is described in Bjth undecidability



proofs will make use of tiling problems, which is a commorhteique for proving the
undecidability of modal logics.

The tiling problem is as follows: We are given a finite &= {v;|i = 1,...,m} of
tiles. Each tiley; has four coloured sides: left, right, top and bottom, wnitig, 77, ~¢,
and~!. Each side can be one afcolourse; for j = 1,...,n. Given any set of these
tiles, we would like to know if we can cover the plaNex N with these tiles such that
adjacent sides share the same colour. Formally, given soiteedet of tiled” we would
like to decide if there exists a function: Nx N — I" such that for al(z,y) € Nx N

L A(z,y) = Az +1,p)!
2. Mz, 9)' = A=,y +1)°

where\(z,y)! is the colour of the top side of the tile qn, y), and likewise for the
other sides. As shown by Berger [1], this problem is undda&la
4.1 S5x S5

The logicS5 x S5 is defined to be the cross-product of t%8 frames. The syntax is
given bya := z|a V a|-al ¢ 1a| ¢ 2a. The logic is defined over the set of all frames
specified as followsF' = (S, Ry, R2) where

- § =5, x S, whereS; andS- are arbitrary non-empty sets.
— ((a,b),(c,d)) € Ry ifand only ifa = ¢.
- ((a,b),(c,d)) € Ry ifand only ifb = d.

By an abuse of notation, we will also refer to the clasS®fx S5 frames a5 x S5.
Lemma 5. The class of frame§5 x S5, is not safe.

Proof. We will prove this lemma with an example. In Figure 4.1 theetavo S5 x S5-

OROBORCINIONORONC
OROBOROINIORCORONO

ONCIOBOINIONORONO
SRONCHCINICHCNONO

M N

Fig. 1. An example wher&5 x S5 is not safe. The two modalities correspond to the horizontal
and vertical axis respectively.




models,M and N. One modality corresponds to the vertical axis, and one fitpda
corresponds to the horizontal access. The propositioesareach state are marked,
and we let the starting state for each model be the bottorstiatie. We can see the two
models{z, y }-bisimilar, via a bisimulation which relates states witk #ame proposi-
tions (excepting: andy). Note that when we ignoreandy, the two models are almost
identical, except the central four states are transposed.

Now suppose for contradiction that there is sd®%ex S5-modelK such thatk’ =,
M andK =, N. Therefore the starting state féf must be labeled with the propo-
sitions, ¢, = andy. SinceK is y bisimilar to M, by Lemma 2 for every pure modal
formula, ¢, not containingy K satisfiesp if and only if M satisfiesp (and likewise for
N andz). Let

d(w,z) = 0O1(d = Oa(w — O1(g = Oa(c = —2)))).

We can sed/ |= ¢(b, z) andN = ¢(a,y), SOK E ¢(b,z) A ¢(a,y). However since
K is anS5 x S5-model,{z, y }-bisimilar to bothA/ and N, there must be statési, j, k
is K where:

1. his the starting state, labeled withz, y;

2. i is some state such th@t, i) € R, andi is labeled withd;
3. j is some state such tht, j) € R, andj is labeled withg;
4. k is defined such thdt, k) € R, and(j, k) € Ry.

By observingM and N we can see that the statenust be labeled with either or b.
However the relation®; and R, are symmetric, so ik was labeled by we would
haveK |= —¢(a,y), and if k was labeled by we would haveK = —¢(b, ), giving
the necessary contradiction.

As S5 x S5 is not safe we must proceed with caution as our usual inhstiegard-
ing the behavior of quantification will not necessarily hdttbwever we can see from
the proof above that bisimulation invariance still apptepure modal formulas.

We encode the tiling problem by defining propositional atarmendv such that
they allow us to linearly order the horizontal and verticakaln particular we would
like the following properties to hold:

1. if u is true at any statéu, b) in the model, then there is exactly one statec) in
the model such that# b wherew is true.

2. if v is true at any statéa, b) in the model, then there is exactly one statgh) in
the model such that # a whereu is true.

We will refer to such properties as teeepproperties. Such a configuration is given in
Figure 4.1.

In general bisimulation quantifiers do not allow us to definelsstrict properties,
but we will see that we can “simulate” such properties in tt@pg of quantifiers.

For eachy € I we suppose that there is a unique propositional atod, iwhich
we also refer top as (where its meaning shall be clear from context). We encode th
tiling problem in several stages: Let

step(r,y) =z A Oy A O102((z = O1y) A (y = Oax)).
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Fig. 2. u andv define the step property 85 x S5, which allows us to discretize and order the
horizontal and vertical axis.

This states that andy satisfy the step properties except for the uniqueness reomist
Next we define

step(x,y,u,v) =uA Oo—w A O 05((u = (A O10) A (v— (y A Oau))).

Finally assuming the: andv satisfy the step properties we can encode the tiling
problem as follows:

right = O, 0, /\ (v > Vz(z— Oz(u— O1(v = O2(C12A \/ N)))
yerl =61

up = 0,0, /\ (’y—)VZ(Z—) D1(1)—) DQ(U—> <>1(<>22'/\ \/ 6)))))

ver vi=dp
unique = O 0Oy \/'y A /\'y—> /\ -4
~yer ~yerl el —~

We now give the complete formula as
Tiler = unique A step(z,y) A VYuVo(step(z,y,u,v) = (right A up)).

We note that the alternation in quantifier is similar to a ida®d point. If Tiler is
true then there must be some-bisimulation which satisfies the step properties, and
if Tiler is false, then it must be false for somg-bisimulation where: andy satisfy
the step properties (and heneeand v satisfy the step properties up to bisimulation
equivalence).

Lemma 6. T'iler is satisfiable if and only if " can tile the plane.



Proof. First, let us suppose that there is a tilinng of the plane with the tiles ifi". We
show that there is a modélf = (S, Ry, R», 7, s), satisfyingT'iler. We let:

1. S=wxw

2. Ry = {((a,b),(c,b))|a,b,c € w}

3. Ry = {((a,b), (@) 0, by € w}

4. vy ern(a,b) & v=XAa,b),z € n(a,b) & a=bandy € n(a,b) < a=>b+ 1.
5. 5= (0,0).

As ) is a function it follows thatM = wunique, and by the construction o¥/ we
also haveM |= step(z,y). The remaining part of the formul&iler is in the scope

of universal quantifiers which makes things more complitalteis especially compli-
cated in the case &5 x S5 as the logic is not safe. However we have constructed a
model where every state can be uniquely identified by a faanand we will use these
“unique” formulas to show thal'iler is satisfied. The unique formulas are defined
recursively by

Mo =z A U2y
Nivr =z A a2y A Oumi)
n(a,b) = Cang A O1mp.

We can seé\l; |= n, if and only if ¢ = (a,a), and thus for alk € S, M; = n(a,b)
if and only if ¢ = (a, ). Consequently, for anfa,b) € S, we haveM |= n(a,b) —
A(a, b). By aresult of van Benthem, pure modal formulas are bisitrafanvariant, so
for any modelV whereN 2, , M we will haveN = O, O5(n((a, b) — A(a,b)).
Let N = (S, Ry, Ry, 7', s') be any{u, v}-bisimulation ofM, such thatV is anS5 x
S5-model andN |= step(z,y, u,v). For any stateé € S’, there is a uniquéa, b) such
thatN; = n(a,b) and thusN; |= A(a,b). Suppose thak(a,b) = . To show that the
subformularight is satisfied byV we must show

Ny =Vz(z = O1(v = Ox(u = 01(G2z A \/ 9))) (5)

=0

For anyz-bisimulationN' = (T, P, P>, p,t') of N; whereN' |= z, we will have
N' = Oy(u — n(a,a)) (sinceu — z). SinceN |= step(z,y,u,v), there is some
statee € T such thatV! |= u where(t', e) € P,. By the definition of the step function
we also haveV’ = Oy(u — Oq(v = n(a + 1,a))), (sinceu — z andv — y
in N'). Let f € T be any state such tha&{; = v and(e, f) € P1. SinceN is a
S5 x S5 frame there is some unique stgte T such tha(f,g) € P, and(¢', g) € P;.
Also sinceNJi E Oonetr andN), = Oqmp, we haveN; = n(a + 1,b) and hence
Ny = Ma+1,b) A &4z Therefore we have shown (5) to be true, andaas chosen
arbitrarily it follows thatN = right. The case for showing th&f = up is symmetric.
As N is an arbitrary{u, v }-bisimulation ofM satisfyingstep(x, y, u, v) it follows that
M = VYuYu(step(z,y,u,v) — (right A up)).

Conversely, suppose thaf = Tiler, whereM = (S, Ry, Ry, 7, s). SinceM |=
Tiler for every{u,v}-bisimulation,N of M we haveN = unique A step(z,y) A
step(z,y,u,v) — (right A up). Clearly there is some sudh, v}-bisimulationN =



(T, Py, P2, p,t) of M such thatN |= step(z,y,u,v). We define a functio® : w x
w — T inductively by

1. ¢(0,0) = t. We note that a®V |= step(z,y, u,v) we haveNy o) = u A Oqv.

2. Givena € w such thatp(a,a) = t' and Ny(,,.) = u A &1v we choose some
r € T such thatu € p(r) and for some’ € T, v € p(r'), (¢',r') € P, and
(r',r) € P,. We leté(a + 1,a + 1) = r, and note thatVyo11,041) = u A v
(sinceN = step(z,y,u,v)). Thus for alla € w we can define(a, a).

3. For any(a,b) € w x w wherea # b, we definep(a, b) to be the unique element
of T', such that¢(a, a),r) € P, and(¢(b,b),r) € Py

Y

It follows from the definitions ofup andright, that A is a tiling of the plane where
Ma, b) =~ ifandonly ify € p(¢(a,b)).

Corollary 1. QLg5. g5, the bisimulation quantified extension® x S5, is undecid-
able.

42 LTL x S5

In the previous section we saw a complicated bisimulaticentjfied logic which was
neither safe nor decidable. We might hope that bisimulagjoantifiers preserve the
decidability of all safe logics, but this is not the cab.L. x S5 is a safe logic which
is also undecidable when augmented with bisimulation dfieirst

The syntax folL.TL x S5 is as follows:

a = zla V al-alXa|Fa|Oa

where Gy is the dual of k.
The logicLTL x S5 is defined over structures specifiedByc F = {o|c : N —
p(V)} The states of” are represented by the tupte,;, wheres € F andi € N. The

semantics are:
Fo,j)Fxezeco(j),foralzeV.

( )

(F,0.j) EXa & (Fo,j+1) [ a.

(F,0,j) = Ga < Vk > j,(F,0,k) |

(F.0.j) | Da e Vo', (F.a',j) =
whereV and- have there usual meaning.

This logic has been shown to be decidable (see [7]). We natetik seLTL x S5
models can easily be translated to define a class of framés indtation of Section 2.
This allows us to provide the semantics for bisimulationrgifeers. We give the fol-
lowing lemmas.

Lemma 7. LTL x S5 is safe.

Proof. Suppose that/ = (F,0,0) andN = (G, n,0) are® U A-bisimilar models, via
the bisimulationZ. We define &TL x S5 modelK = (H, ¢,0) such thatk’ =g M
andK =, N as follows: We letH = {da'|a = (74, pa) € Z} where for alli, o' (i) =

(1o (1)\O) U (ua (i)\A). It follows that the relationX = {(a’,7,)]la = (74, pa) € Z}

is a ©-bisimulation fromK to M andY = {(a',p.)|la = (Ta,pa) € Z} is a A-
bisimulation fromK to V. Thereford.TL x S5 is safe, and hence preserves existential
elimination.

= Q.
(0%



Given thatLTL x S5 is safe it is easier to encode a tiling problem, since we can

assume that existential introduction and elimination atesl.

Lemma 8. The bisimulation quantified extensionIdf'LL x S5 is undecidable.

This can be shown in a similar mannerto Lemma 6. The prooightty easier since the

X

operator can be used to identify vertically adjacent staf®r horizontally adjacent

states we can again use the step properties and bisimutptamtified atoms to define
a formulaTile% that is satisfiable if and only i’ can tile the plane.

5

In

Conclusion

this paper we have examined a generalized definition feirmilation quantified

modal logics. We have also introduced the notiosafeframes, which satisfy the ax-
ioms of existential elimination and existential introdoot We have shown that there
are decidable modal logics which are not safe and undeed&tawever, the decid-

ability of QL 1, « g5 Shows that safety alone is not enough to guarantee thatsaten
by bisimulation quantification will preserve decidabilityis an interesting problem to
characterize the modal logics for which are decidable wheymented with bisimula-

tion quantification. While this paper provides several niggaesults, we hope to soon
provide a positive decidability result for a general claksafe modal logics.
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